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ABSTRACT. Consider a linear realization of a matroid over a field.
One associates to it a configuration polynomial and bilinear form
with polynomial coefficients. The corresponding configuration hy-
persurface and its non-smooth locus support the respective first
and second degeneracy scheme of the bilinear form.

We describe the effect of matroid connectivity on these schemes:
For (2-)connected matroids, the configuration hypersurface is inte-
gral, and the second degeneracy scheme is reduced Cohen—Macaulay
of codimension 3. If the matroid is 3-connected, then also the sec-
ond degeneracy scheme is integral.

In the process, we describe the behavior of configuration poly-
nomials, forms and schemes with respect to various matroid con-
structions.
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1. INTRODUCTION

1.1. Feynman diagrams. A fundamental problem in high-energy physics
is to understand the scattering of particles. The basic tool for theo-
retical predictions is the Feynman diagram with underlying Feynman
graph G = (V, E). The scattering data correspond to Feynman am-
plitudes, integrals computed in the positive orthant of the projective
space labeled by the internal edges of the Feynman graph. The in-
tegrand is a rational function in the edge variables z., e € E, that
depends parametrically on the masses and moments of the involved
particles (see | 1.

The convergence of a Feynman amplitude is determined by the struc-
ture of the denominator, which in any case involves (a power of) the
Symanzik polynomial ) neéT x. of G where T runs through the span-
ning trees of G. For graphs with edge number less than twice the
loop number the denominator also involves (a power of) the second
Symanzik polynomial obtained by summing over 2-forests and involves
masses and moments. Symanzik polynomials can factor, and the sin-
gularities and intersections of the individual components determine the
convergence of the Feynman amplitudes.

Remarkably, amplitudes tend to involve values of the Riemann zeta
function, or more generally multiple zeta values and polylogarithms. In
[ ], Broadhurst and Kreimer display a large body of computational
evidence that in the last to decades has become ever more impressive.
Viewing amplitudes as periods, Kontsevich speculated that Symanzik
polynomials, or equivalently their cousins the Kurchhoff polynomaials

va(r) = Y ]

with the sum again taken over the spanning trees of G, be mixed Tate;
this would imply the relation to multiple zeta values. However, Belkale
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and Brosnan [ ] proved that the collection of Kirchhoff polynomi-
als is a rather complicated class of singularities: in finite characteris-
tic, the counting function on the affine complements cannot always be
polynomial in the size of the field. This does not exactly rule out that
Feynman amplitudes are well-behaved, but makes it rather more un-
likely. On the other hand, it makes the study of these singularities, and
especially any kind of uniformity results, that much more interesting.

The influential paper | | of Bloch, Esnault and Kreimer gen-
erated a significant amount of work from the point of view of complex
geometry: we refer to the book | | of Marcolli for exposition, as
well as | ; ; |. Varying ideas of Connes and Kreimer on
renormalization that view Feynman integrals as specializations of the
Tutte polynomial, Aluffi and Marcolli formulate in | : ]
parametric Feynman integrals as periods, leading to motivic studies
on cohomology. On the explicit side, there is a large body of publi-
cations in which specific graphs and their polynomials and amplitudes
are discussed. But, as Brown writes in | ], while a diversity of
techniques is used to study Feynman diagrams, “each new loop order
involves mathematical objects which are an order of magnitude more
complex than the last, [...] the unavoidable fact is that arbitrary
amplitudes remain out of reach as ever.”

The present article can be seen as the first step towards a search for
uniform properties in this zoo of singularities. We view it as a stepping
stone for further studies of invariants such as log canonical threshold,
logarithmic differential forms and embedded resolution of singularities.

1.2. Configuration polynomials. The main idea of Belkale and Bros-
nan is to move the burden of proof into the more general realm of
polynomials and constructible sets derived from matroids rather than
graphs, and then to reduce to known facts about such polynomials.

The article | ] casts Kirchhoff and Symanzik polynomials as very
special instances of configuration polynomaials; this idea was further de-
veloped in | |. We consider this as a more natural setting since

notions such as duality and truncation behave well for configuration
polynomials as a whole, but these operations do not preserve the sub-
family of matroids derived from graphs. In particular, we can focus ex-
clusively on Kirchhoff/configuration polynomials, since the Symanzik
polynomial of G appears as the configuration polynomial of the dual
configuration induced by the incidence matrix of G.

The configuration polynomial does not depend on a matroid itself
but on a configuration, that is, on a linear realization of a matroid over
a field K. The same matroid can admit different realizations, which,
in turn, give rise to different configuration polynomials (see Exam-
ple 5.3). The matroid (basis) polynomial is a competing object, which
is assigned to any, even non-realizable, matroid. It has proven useful
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for combinatorial applications (see | ; ]). For graphs and,
more generally, regular matroids, all configuration polynomials essen-
tially agree with the matroid polynomial. However, they are different
in general (see Example 5.2).

Configuration polynomials have better geometric properties than
matroid polynomials: Generalizing the matrix-tree theorem, the config-
uration polynomial arises as the determinant of a symmetric bilinear
configuration form with linear polynomial coefficients. As a conse-
quence, the corresponding configuration hypersurface maps naturally
to the generic symmetric determinantal variety. In the present arti-
cle, we establish further uniform, geometric properties of configuration
polynomials, which do not hold for matroid polynomials in general.

1.3. Summary of results. Some indication of what is to come can be
gleaned from the following note by Marcolli in | , p. 71]: “graph
hypersurfaces tend to have singularity loci of small codimension”.

Let W < K be a realization of a matroid M on a set E. Fix coor-
dinates zp = (2¢)eep. There is an associated configuration polynomial
Yw € Klzg]| and configuration (bilinear) form Quw (see Definitions 3.2
and 3.21). They are related by ¥y = det Qu (see Lemma 3.24). The
configuration hypersurface Xy < K defined by 1y can thus be seen
as the first degeneracy scheme of Qw (see Definition 4.7). The second
degeneracy scheme Ay < K¥ defined by the submaximal minors of
Qw is a subscheme of the Jacobian scheme Yy < K¥ of Xy defined
by the partial derivatives of ¢y, (see Lemma 4.10). The latter defines
the non-smooth locus of Xy, (see Remark 4.8). Patterson showed Yy,
and Ay have the same underlying reduced scheme (see Theorem 4.13),
that is,

Aw € Sy € KF, 2ied = Ared,

He mentions that he does not know the reduced scheme structure (see
[ , p- 696]). We show that Xy is not reduced in general (see Exam-
ple 5.1), whereas Ay often is. Our main results from Theorems 4.23,
4.34 and 4.37 can be summarized as follows.

Main Theorem. Let M be a connected matroid of rank Tk M = 2 on
the set E with a linear realization W < KE over a field K. Then
Aw = X s the non-smooth locus of Xw over K. It is Cohen—
Macaulay of codimension 3 in IKF. Unless K has characteristic 2, Yy
is generically reduced. If M 1is 3-connected, then Ay is integral and
Yw 1s irreducible. O

In case rk M = 1 the polynomial ¢y is linear and hence Ay = Xy =
& (see Remark 4.11.(a)). If M arises from adding (co)loops to a con-
nected matroid, then reducedness of Ay, persists (see Corollary 4.35).
However if M is disconnected even when loops are removed, then Xy,
and hence Ay has codimension 2 in K¥ (see Remark 4.9).
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While our main objective is to establish the results above, along the
way we continue the systematic study of configuration polynomials in
the spirit of | : |. For instance, we describe the behavior of
configuration polynomials with respect to connectedness, duality, dele-
tion/contraction and 2-separations (see Propositions 3.10, 3.12, 3.14
and 3.27). Patterson showed that the second Symanzik polynomial as-
sociated with a Feynman graph is, in fact, a configuration polynomial:
we note that the underlying matroid is a truncation of the circuit ma-
troid of the graph, parameterized by the momentum parameters (see
Proposition 3.20).

1.4. Outline of the proof. The proof of the Main Theorem inter-
twines methods from matroid theory, commutative algebra and alge-
braic geometry. In order to keep our arguments self-contained and
accessible, we recall preliminaries from each of these subjects and give
detailed proofs (see §2.1, §2.3 and §4.1).

An important commutative algebra ingredient is a result of Kutz (see
[ ]). It bounds the grade of an ideal of submaximal minors of a
symmetric matrix by 3 and yields perfection in case of equality. Kutz’
result applies to the defining ideal of Ay . The codimension of Ay, in
K® is therefore bounded by 3 and Ay is Cohen-Macaulay in case of
equality (see Proposition 4.16). In particular Ay, is pure-dimensional
and hence reduced if generically reduced. Due to Patterson’s result Xy,
is equidimensional in this case.

On the matroid side our approach makes use of handles (see Defini-
tion 2.2), which are called ears in case of graphic matroids. A handle
decomposition builds up any connected matroid from a circuit by suc-
cessively attaching handles (see Proposition 2.5). Conversely this yields
for any connected matroid which is not a circuit a non-disconnective
handle which leaves the matroid connected when deleted (see Defini-
tion 2.2). This allows one to prove statements on connected matroids
by induction.

We describe the effect of deletion and contraction of a handle H
to the configuration polynomial (see Corollary 3.15). In case the Ja-
cobian scheme Yy associated with the deletion M\H has codimen-
sion at least 3 we prove the same for ¥y, (see Lemma 4.21). Applied
to a non-disconnective H it follows with Patterson’s result that Ay,
reaches the dimension bound and is thus Cohen—Macaulay of codimen-
sion 3 (see Theorem 4.23). We further identify 3 (more or less explicit)
types of generic points with respect to a non-disconnective handle (see
Corollary 4.24).

In case chIK # 2 generic reducedness of 3y, implies (generic) re-
ducedness of Ay,. The schemes Yy and Ay show similar behavior
with respect to deletion and contraction (see Lemmas 4.28 and 4.30).
As a consequence generic reducedness can be proved along the same
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lines (see Theorem 4.34). In both cases we have to show reducedness
at all (the same) generic points. Our proof proceeds by induction over
the cardinality of the matroid’s underlying set and makes use of the
handle decomposition.

In a first base case where the matroid is a single circuit, generic
reducedness can be shown directly (see Lemma 4.32). In the other
case the handle decomposition provides a non-disconnective handle H,
which leaves the matroid connected when deleted (see Definition 2.2).
In case H = {h} is a handle of size 1, we show that Xy or Ay inherits
reducedness from the corresponding scheme Yy, or Ayny, associated
with the deletion M\A (see Lemma 4.29).

The non-disconnective handle H provided by the handle decomposi-
tion is not unique. This leads us to consider non-disconnective handles
independently of a handle decomposition. They turn out to be special
instances of maximal handles which form the handle partition of the
matroid (see Lemma 2.3). As a purely matroid-theoretic ingredient
we show that the number of non-disconnective handles is strictly in-
creasing when adding handles (see Proposition 2.8). This leads us to
identify the prism matroid as a second base case (see Definition 2.18).
Its handle partition consists of 3 non-disconnective handles of size 2 (see
Lemmas 2.7 and 2.19). Here an explicit calculation shows that Ay, is
reduced in the torus (IK*)® (see Lemma 4.27). The corresponding result
for 2y holds if ch K # 2.

In the remaining case we use blowing-up, an ingredient from algebraic
geometry. To this end we prove a result that recovers generic reduced-
ness of a ring R along the subscheme defined by an ideal I <1 R (see Defi-
nition 4.3) from generic reducedness of the associated graded ring gr; R,
the ring of the corresponding normal cone (see Lemma 4.5). We apply
this result to the ring of ¥y or Ay and a coordinate subscheme V (zp)
defined by z for a partition F = F'LG (see Lemma 4.31). In this case
the graded ring identifies with the ring of the respective scheme Xy /g
or Ay associated with the contraction M/G (see Lemma 4.30). Since
we are assuming now that all non-disconnective handles H have size
at least 2 there are at least 3 more edges than maximal handles (see
Proposition 2.8). The case of equality is that of the prism matroid (see
Lemmas 2.7 and 2.19). Using this inequality we construct a suitable
partition £ = F'uG for which all generic points of Xy or Ay are along
V(zp) if the matroid is not the prism (see Lemma 4.33). This yields
generic reducedness of Yy or Ay in this case. A slight modification of
the approach finally covers the generic points outside the torus (IK*)°
in case of the prism matroid.

Finally consider 3-connected matroids M with |E| > 3. Here we
prove that Yy is irreducible, which implies that Ay is integral (see
Theorem 4.37). We first observe that handles of (co)size at least 2 yield
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2-separations (see Lemma 2.3.(e)). It follows that the handle decom-
position consists entirely of non-disconnective 1-handles (see Proposi-
tion 2.4) and that all generic points of Yy lie in T (see Corollary 4.26).
We show that the number of generic points is bounded by that of Yy
for all e € E (see Lemma 4.29). Duality switches deletion and contrac-
tion and identifies generic points of Ly and Xy 1 (see Corollary 4.15).
Using Tutte’s Wheels and Whirls Theorem this reduces irreducibility
of Xy to the case where M is a wheel or whirl (see Lemma 4.38). We
show that the n-wheel and n-whirl have the same configuration schemes
Xw, Yw and Ay independent of W up to isomorphism (see Propo-
sition 4.40). An induction on n with an explicit study of base cases
finishes the proof (see Corollary 4.41 and Lemma 4.43).

Acknowledgments. The project whose results are presented here
started with a research in pairs at the Centro de Giorgi in Pisa in
February 2018. We thank the institute for a pleasant stay in a stim-
ulating research environment. We thank Aldo Conca, Delphine Pol,
Darij Grinberg and Raul Epure for helpful comments.

2. MATROIDS AND REALIZATIONS

Our algebraic objects of interest are associated to a realization of
a matroid. In this section we prepare the path for an inductive ap-
proach driven by the underlying matroid structure. Our main tool is
the handle decomposition, a matroid version of the ear decomposition
of graphs.

2.1. Matroid basics. In the following we review the relevant basics
of matroid theory using Oxley’s book (see | ]) as a comprehensive
reference.

Let M be a matroid on a set E =: Ey. This consists of several col-
lections of subsets of E which satisfy certain axioms, any one of which
determine the others. In particular, these include the independent sets,
denoted Zy < 2F, the bases, By < 2F, and the circuits, Cy < 2F. By
definition, the bases and circuits are respectively maximal independent
and minimal dependent sets of 28\Zy with respect to inclusion. By
an n-circuit we mean a circuit with n elements, 3-circuits are called

triangles.
The circuits define an equivalence relation on E where e, f € E are
equivalent if e, f € C for some C € Cy (see | , Prop. 4.1.2]). The

corresponding equivalence classes are the connected components of M.
If such a component is unique M is said to be connected.

An element e € F is a loop in M if e ¢ B for any B € By, and a
coloop if e € B for all B € By. A matroid is free if every element is a
coloop.
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There is a rank function rky: 2% — IN for which, in particular,
SeIu = tkm(S) =19
By definition, rk M = rky (E).
The connectivity function Ay : 2 — N is defined by
Am(S) :=1k(S) + rk(E\S) — rk(M)
for any S € E. For k > 0 a subset S € E is called a k-separation if
Am(S) < k < min {|S],|E\S|}.

The matroid M is said to be k-connected if it has no (k—1)-separations.
In this case, a k-separation is called ezact. Connectedness is the special
case k = 2. It is not hard to show that k-connectedness is equivalent
for M and M+ (see | , Cor. 8.1.5]).
Here are some standard constructions of new matroids from old:
The direct sum M; @ My of matroids M; and My is the matroid on
Ewm, u Eym, with independent sets

IMl@MQ = {Il L Ig | Il S I(Ml),IQ S I(MQ)}

The sum is proper it Em, # & # Em,. Connectedness means that a
matroid is not a proper direct sum (see [ , Cor. 4.2.9]).

For any subset F' € E, the restriction matroid M|p is the matroid
on F defined by (see | , 3.1.12))

(2.1) Imyy = {I " F|IeZIn}
Its set of circuits is (see | , 3.1.13))
(2.2) Cmip = Cw 0 27,

Thinking of restriction as an operation that deletes elements in F' from
E, one defines the deletion matroid M\F' := M|gp. The contraction

matroid M/F on E\F is defined by (see | , Prop. 3.1.7])
(2.3) Tuyr = {I < E\F |1 U B eIy},
where B is any basis of M|g. Its circuits are the minimal non-empty
sets C\F' where C € Cy (see | , Prop. 3.1.10]), that is,
(2.4) Cw/p = Min{C\F' | F 2 C € Cn}.
Consider a bijection
(2.5) viE—>EY, e—e’.

For any subset S < FE, its complement in E can be identified with
S+ :=v(E\S) < E.
Then the dual matroid M+ is the matroid on EY whose bases are given
by
Bu. = {B" | B € Bu}.
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In particular tkM + tkM+ = |E| (see | ., p. 2.1.8]). The k-
connectivity of M+ coincides with that of M (see [ , Cor. 8.1.5]).
For any subset F' < F (see | , Ex. 3.1.1]), one can identify

(2.6) (M/F)t = MAIF,  (M\F)* = M*/F.

Various matroid data of Mt is also considered as codata of M. A triad
of M is a 3-cocircuit of M, that is, a triangle of M.

The (codimension-1) truncation of M is, by definition, the matroid
T(M) on E with independent sets

IT(M) = {SEIM | |S’ <rkM— 1}.

Ezxample 2.1 (Uniform matroids and circuits). The uniform matroid
of rank 7 = 0 on a set F of size |E| = n, denoted U,,, has bases
{B< E||B|=r}. It has no loops or coloops if 0 < r < n. By
definition, Uf’n = Up—pp forall 0 <r <n.

Informally we refer to a matroid M on E for which £ € Cy as a
circuit, or as a triangle if n = 3. If |[E| = n, then U,,_; , is the unique
such matroid. o

2.2. Handle decomposition. In the following we investigate handles
as building blocks of connected matroids.

Definition 2.2 (Handles). Let M be a matroid. A subset & # H € E
is a (proper) handle in M if C' n H # ¢ implies H < C for all C' € Cy
(and H # E). By a k-handle we mean a handle of size k. It is
disconnective if M\H is disconnected. A subset ¢ # H' < H of a
handle is called a subhandle. Mazimality of handles refers to inclusion.
Write Hm for the set of handles in M, Max H for its subset of maximal
handles. A handle H € Hy is called separating if min {|H|, |E\H|} = 2.

Singletons {e} and subhandles are handles. If (JCu # E, then
E\|JCum € MaxHpm and is a union of coloops. The maximal han-
dles in | JCm are the minimal non-empty intersections of all subsets of
Cm. Together they form the handle partition of E

E- || H

HeMax Hm

which refines the partition of | JCyu into connected components.
For any subset F' € E, Hu n 28 < Hyy, by (2.2).

Lemma 2.3. Let M be a matroid and H € Hy.

(a) If H = E, then M = U,.,, where n = |E| and r € {n —1,n} (see
Example 2.1). In the latter case |E| =1 or M is disconnected.

(b) Either H € Iy or H € Cy. In the latter case H is a connected
component of M. In particular, if M is connected and H is proper,
then H € Tyy and H < C' for some circuit C' € Cy.

(¢c) For any & # H' < H, H\H' consists of coloops in M\H'. In
particular, non-disconnective handles are maximal.
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(d) If H ¢ Cm, then Cv — Cwmu, C — C\H, is a bijection. If
H ¢ MaxHw, then MaxHm — MaxHvypu, H — H'\H, is a
bijection which identifies non-disconnective handles. In this case,
the connected components of M which are not contained in H\ | J Cu
correspond to the connected components of M/H.

(e) Suppose M is connected and H is proper. Then tk(M/H) = rkM —
|\H| and M\m(H) = 1. In particular, if H is separating, then H v
(E\H) is a 2-separation of M.

Proof.

(a) Suppose H = E. Then Cy < {E} and M = U,_y, in case of
equality. Otherwise Cy = & implies By = {E} and M = U, , (see
[ , Prop. 1.1.6]).

(b) Suppose H ¢ Zy. Then there is a circuit H 2 C' € Cy. By
definition of handle and incomparability of circuits, H = C' is disjoint
from all other circuits and hence a connected component of M.

(c) Let de H\H'. If d is not a coloop in M\H’, then d e C' n H for
some C' € Cygr < Cwm (see (2.2)). Hence H' < H < C since H is a
handle, a contradiction.

(d) The first bijection follows from (2.4) with F' = H. The remaining
claims follow from the discussion preceding the lemma.

(e) Part (b) yields the first equality (see [ , Prop. 3.1.6]) along
with a circuit H # C € Cy. Now let B be a basis of M\H, and let
S = Bu H. Clearly S spans M. For any e € H, we check S\{e} is
independent: if not, S\{e} contains a circuit C. Since C' & B, we have
HnC # ¢ and hence e € H < C, a contradiction. It follows that
rtkM = |S|—1=1k(M\H)+|H|—1 and hence the second equality. [J

Proposition 2.4. (Handles in 3-connected matroids) Let M be a 3-
connected matroid on E with |E| > 3. Then all its handles are non-
disconnective 1-handles.

Proof. Let H € Hyn be any handle. By Lemma 2.3.(a), H must be
proper. Note that M cannot be a circuit and hence |E\H| > 2 by
Lemma 2.3.(b). Then H is a 1-handle as otherwise H yields a 2-
separation of M by Lemma 2.3.(e).

Suppose that H is disconnective. Consider the deletion M" := M\ H
on the set E' := E\H. Pick a minimal connected component X of
M’. Since H # & and |E| > 3 both X U H and its complement
E\(X u H) = E"\X have at least 2 elements.

Since X is a connected component of M" and by Lemma 2.3.(e),

rk(X) + rk(E"\X) =tk M’ = rk M.
Since rk(X U H) < 1k(X) + |H| = rk X + 1 it follows that
rk(X v H) +rk(E\(X U H)) <tkM+ 1.

Whence X U H is a 2-separation, a contradiction. Il
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The following result is the basis for our inductive approach to con-
nected matroids.

Proposition 2.5. (Handle decomposition) Let M be a connected ma-
troid and Cy € Cy. Then there is a filtration Cy = Fy < --- S F, = F
such that M|, is connected and H; := F,\F;_; € %MIF,.: fori=2,... k.

Proof. A handle (or ear) decomposition of a matroid M is a collection of
circuits (1, ..., C} such that, for F; = Ujsi C; we have C;n Fi_; # J,
and C;\F;_1 is a circuit in M/F;_; for i = 2,... k. If M is connected,
then M has a handle decomposition with arbitrary C; (see | D,
and the hypothesis C; n F;_; # ¢ implies that M|g, is connected for
eachi=1,... k.

It remains to check that H; is a handle in M|g, for i = 2,... k.
Since circuits are nonempty, J # H; < F;. Now choose any e € H; =
C\F;_1. If C'is a circuit containing e, suppose by way of contradiction
that C' p H;. Then there exists some d € C;\(C' U F;_;). By the strong
circuit exchange axiom (see [ , 81.1, Ex. 14]), there is another
circuit C’ contained in F; for which d € ¢’ < (C' u C;)\{e}. But then
C'\F;_1 < C;\F;_1 because C" < F;. Since C; is assumed to be a circuit
of M/F;_4, it follows that either C" < F; 4 or C'\F;_1 = C;\F;_1 (see
(2.4)). The former is impossible because C’ 3 d ¢ F;_, and the latter
is impossible because C' U F;_; $ e € C;. O

In the sequel we develop a bound for the number of non-disconnective
handles.

Lemma 2.6. Let M be a connected matroid.

(a) If H € Hy and H' € Hmu are non-disconnective with H u H' #
E, then there is a non-disconnective handle H"” € Hy for which
H" < H', with equality if H' € Hp.

(b) If HYH' € Hy with E # H 0 H' € Cyu, then H and H' are not
disconnective.

Proof.

(a) By hypothesis, M and M\H are connected and H v H' # E.
Then, using that H and H' are handles, there are circuits C' € Cyy and
C"eCwpy with H ¢ C and H' < C".

Suppose that C € H u H'. Then the strong circuit exchange ax-
jom (see | , §1.1, Ex. 14]) yields a circuit C” € Cy for which
C"<c HuC',H &€ C" and C" &€ Hu H'. Since C" < C’ con-
tradicts incomparability of circuits, H < C” since H is a handle and
Lemma 2.3.(b) forbids equality.

Replacing C' by C” if necessary, then, we may assume that C' &
H u H'. By hypothesis, M\(H u H’) is connected, and C' witnesses
the fact that H, C' n H and E\(H u H’) are all in the same con-
nected component. Then the set H” := H'\C' is in Hm\ g, and M\H"
is connected.
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If H"” ¢ Hm there is a circuit C” € Cy such that @ # C" " H” # H".
In particular H < C”, since otherwise C” is disjoint from H, and
C" € Cw N 2PV = Cy gy, which would contradict H' € Hwy. This
means that C” connects H with C” n H”. We may therefore replace H”
by H"\C" < H” and iterate. After finitely many steps, then, H” € Hy.

(b) Set C':= Hu H'" and let d € E\C and e € H. By connectedness
of M, there is a C" € Cy such that d,e € C’. Then e € C' n H and
hence H < C’ since H is a handle. Assume that C' n H' # ¢f. Then
also H' < (" since H' is a handle. Thus d ¢ C = Hu H' < C’ >
d contradicting incomparability of circuits. Therefore C' n H' = &
and hence d,e € C" € Cy N 2P\ = Cy . Tt follows that M\H' is
connected. U

Lemma 2.7. Let M be a connected matroid with a handle decompo-
sition of length 2. Then M has at least 3 (disjoint) non-disconnective
handles. In case of equality they form the handle partition.

Proof. With notation from (the proof of) Proposition 2.5 consider the
circuits C" := C; € Cy, C := Cy € Cn, the handle H := Hy € Hy and
the subsets @ # H' := C"\C € F and & # H" :==C n C’" < E. Then
E=HuH UuH"andC'"=H UH" and C = H u H".

Let C" € Cy be a circuit with C" # C” # C. By Lemma 2.3.(d), we
may assume that |H| = 1. Then H' < C” (see | , 1.1, Ex. 5]) and
hence H' € Hy. In case H” € Hy is a handle, the proof is complete.

By incomparability of circuits, C” &€ C” and hence H < C” since H
is a handle. Thus, H u H' < C” for any circuit C” € Cy be a circuit
with C" # C" # C.

Suppose that H' ¢ Hy and pick C” such that & # C" n H" #
H". Then C” connects C” n H” with H" and H. Again the proof
is complete if H"\C” € Hy is a handle. Otherwise iterating yields a
handle H"\C" > H" € Hm. By the strong circuit exchange axiom (see
[ , §1.1, Ex. 14]), there is a different C” such that H” < C”. Then
repeating the preceding argument yields a fourth non-disconnective
handle H"\H"” 2 H" € Hw. O

Proposition 2.8. (Number of non-disconnective handles) Let M be a
connected matroid with a handle decomposition of length k > 2 as in

Proposition 2.5. Then M has at least k+1 (disjoint) non-disconnective
handles.

Proof. We argue by induction, the base case k = 2 being covered by
Lemma 2.7. Let k > 2 and assume the claim holds for matroids with
handle decompositions of length up to £ — 1. Suppose M is connected
and has a handle decomposition of length k with non-disconnective
handle H, = E— F,_; € Hm. By induction, M\H = M|p,_, has at least
k non-disconnective handles Hy, ..., H, ; € Hupg. By Lemma 2.3.(a)
and (c), H, # E\H and hence H] € MaxHmp for i = 1,... k — 1.
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In particular the H{, ..., H_, are disjoint and also H u H] # E for
i=1,...,k—1. Lemma 2.6.(a) now yields for each i = 1,...,k — 1
a non-disconnective handle H; 2 H! € Hy. Finally M has k£ + 1 non-
disconnective handles H{, ..., H/ |, Hy. O

We conclude this section with an observation.

Lemma 2.9. Let M be a connected matroid of rank tkM = 2. Then
there is a circuit C' € Cy of size |C| = 3.

Proof. Suppose instead all circuits have at most 2 elements. Since a
circuit of size k has rank k£ — 1, the union of all circuits containing
any element e would equal the closure of e (] , Prop. 1.4.11.(ii)]).
So the closure of e would be a connected component of M (| ,
Prop. 4.1.2]), hence all of E, by our assumption that M is connected.
But then M has rank 1, a contradiction. Il

2.3. Configurations and realizations. Our objects of interest are
not associated to a matroid itself but a realization as defined in the
following. All matroid operations come with a counter-part for realiza-
tions.

Fix a field KK and denote the K-dual by — := Homg(—, K). For a
set E consider K” as a based K-vector space with basis E. Denote by
EY = (€¥)cep the dual basis.

We define configurations following Bloch, Esnault and Kreimer (see

[ , §1]).

Definition 2.10 (Configurations). Let E be a set. A K-vector sub-
space W < K¥ is called a configuration (over K). It is called totally
unimodular if it admits a basis with all determinants of the coefficient
matrix 0 or 1. It defines a matroid My, on E with independent sets

Imy, = {S < E| (e”|w)ees is K-linearly independent in W }.

Remark 2.11 (Hyperplane arrangements). A configuration in the sense
of Definition 2.10 is in fact a configuration of vectors e¥ |y € W, for
e € E. Suppose that e¥ # 0 for each e € E or, equivalently, that My,
has no loops. Then the images of the e[y in PW" form a projective

point configuration in the classical sense (see | ). Dually, the
hyperplanes ker(e¥) n W form a hyperplane arrangement in W (see
[ ]), which is an equivalent notion in this case. o

Definition 2.12 (Realizations). Let M be a matroid and W < K¥
a configuration (over K). If M = My, then W is called a (linear)
realization of M and M is called (linearly) realizable (over K). If M
admits a realization over IK = 'y, then it is called a binary matroid.
If M admits a totally unimodular realization, then it is called a reqular
matroid.
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Remark 2.13 (Matroids and linear algebra). Given a realization W <
KE of M, the notions in §2.1 are derived from linear (in)dependence
over K. For example, for any subset S € E and defining matrix A of W,
the rank rku(S) equals the rank of the submatrix of A with columns S.
In particular, taking S = F, we note that rk M = dim W. An element
e € E is a loop if and only if column e of A is zero; e is a coloop if and
only if column e is not in the span of the other columns. o

We fix some notation for realizations of basic matroid operations.
Any subset S € FE gives rise to an inclusion and a projection

1g: K¥ - KP mg: KE —» KE/KPVY = K*
of based IK-vector spaces.

Definition 2.14 (Realizations of matroid operations). Let W < K¥
be a realization of a matroid M.

(a) The dual matroid Mt is realized by the configuration
W= (KE/W)Y < (KF)Y = KF".
(b) For 0 # ¢ € WY consider the hyperplane configuration
W, := ker p < K.
(c¢) The configuration
Wlp :=np(W) < K¥
=~ (W + KV JKEVF =~ W /(W A KE\F)

realizes the restriction matroid M|p.
(d) The configuration

W\F = W’E\F

realizes the deletion matroid M\F. We abbreviate W\e := W\{e}.
(e) The configuration

W/F =W n KEV ¢ KEVW
realizes the contraction matroid M/F.

Remark 2.15. Let W < K¥ be a realization of a matroid M.

(a) The element e € E is a loop or coloop of M if and only if W < KF\e}
or W = (W\e) @ K respectively. In these cases W\e = W /e
KE\{e}

(b) If mp(ker o N W) # KP for each B € By, then My, = T(M). o

Ezample 2.16 (Realizations of uniform matroids). If W is the row span
of a r x n matrix which is generic in the sense that all its maximal
minors are non-zero, then W is a realization of the uniform matroid
U, (see Example 2.1). o
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2.4. Graphic matroids. Matroids arising from graphs are the most
prominent examples for our results.

A graph G = (V, E) is a pair of finite sets V and E of vertices and
edges where each edge e € E is a set of one or two vertices in V.
This allows for multiple edges between pairs of vertices, and loops at
vertices. For simplicity we consider only connected graphs.

A graph determines a graphic matroid M(G) on E by declaring a
subset S € FE to be an independent set if the edge-induced subgraph S
is acyclic. The bases of M(G) are the spanning trees of G (see | ,

p. 18]),
(2.7) Bu., = T(G).

Recall that a vertex in a connected graph is a cut vertex if its removal
disconnects the graph. We remark that the matroid M(G) of a con-
nected graph G with at least three vertices is connected if and only if
G has no cut vertex (see | , Cor. 8.1.6]). We refer also to | ,
Ch. 8] for a complete discussion of notions of graph connectivity versus
matroid connectivity.

Graphic matroids have linear realizations coming from their edge-
vertex incidence matrices, as follows (see | , §2]). A choice of
orientation turns G into a CW-complex. This gives rise to an exact
sequence

(2.8)
0— Hi (G, K) KPP —2 S KY —7 Hy(G,K) — 0
(s >t)——t—s
with dual

6V

0+— HY(G,K) KZ < KY H(G,K) <0

Definition 2.17 (Graph configuration). We call W := Im¢§¥ the
graph configuration of the graph G over K.

The subspace Wg € K¥ is a totally unimodular realization of M(Q)
(see | , Lem. 5.1.3]) and independent of the chosen orientation
on G. By construction, Wg = H;(G, K) realizes its dual M(G)* (see
Definition 2.14.(a)).

Besides circuits (see Example 2.1) the following matroid is a base
case of our inductive approach.

Definition 2.18 (Prism matroid). We call the matroid associated with
the (2,2, 2)-theta graph (see Figure 1) the prism matroid, since it can
also be realized as the six vertices of a triangle-based prism in P3.

Lemma 2.19 (Characterization of the prism matroid). Let M be a
connected matroid on E = {ey,...,es} with |E| = 6 whose handle
partition £ = Hy u Hy L1 Hy is made of 3 maximal 2-handles H; =
{e1,e2}, Hy = {e3,e4} and Hz = {es5,¢e5} (see Lemma 2.7). Then M is
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F1GURE 1. Graph defining the prism matroid.
€2

€4
€1 €g
€3

€5

the prism matroid. Up to scaling F, it has a unique realization W with
basis

1 2 3 4
w =e1+tey, W =e€e3+e, W i=e+e, W =e+e3+es.

Proof. Each circuit is a union of handles. By Lemma 2.3.(b), no H; is
a circuit but each H; is properly contained in one. After renumbering
this yields circuits ¢} = Hs 1 Hsy and Cy = H; u Hz. The strong
circuit exchange axiom (see | , 81.1, Ex. 14]) yields a third circuit
C3 = Hyu Hy. However, if E is a circuit, then it is unique and F is the
unique maximal handle. Therefore Cy = {C4,C5, C3} coincides with
the circuits of the prism matroid. The first claim follows.

Let W be any realization of M. By the above, dimW = rkM = 4.
Pick a basis w* = 2]6.:1 wiej, i = 1,...,4. We may assume that columns
2,4,6,5 of the coefficient matrix (w;)” form an identity matrix. Since
C} and Cy are circuits, wi = 0 # w3 and w? = 0 # w;. Thus,

+« 1 0 0 0 0

(wi)s s = 00 «= 100
3703 +« 0« 0 0 1

+ 0 = 0 1 0

4

Since Cj is a circuit, suitably replacing w?, w* € (w3, w?), reordering
Hj and scaling e, e3 makes

£ 10000
(Wi, = |00 100
=10 000 « 1)

101010

where w1, w3, wi # 0. Now suitably scaling first w!, w? w? and then
€9, €4, € makes

110 000
(wi)- o 001100
3/mI 0000171
1 01010
The second claim follows. O

The following classes of matroids play a distinguished role in con-
nection with 3-connectedness.
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Example 2.20 (Wheels and whirls). We recall from | , §8.4] the
wheel and whirl matroids. For n > 2 the wheel graph G, is obtained
from an n-cycle, the “rim”, by adding an additional vertex and edges,
the “spokes”, joining it to each vertex in the rim (see Figure 2). We
write S for the set of spokes and R for the set of edges in the rim.

r3 T2

Te

s T9

F1GURE 2. The wheel graph G,,.

For n > 3 the wheel matroid is the graphic matroid W,, := M(G,,) on
E := Su R. For n > 2 the whirl matroid is the (non-graphic) matroid
on E obtained from M(G,,) by relazation of the rim, that is,

BWn = Bm(gn) L {R}
In terms of circuits this means that
Cwr = Bue,)\Ru {{s}u R|seS}.

We use a cyclic index set {1,...,n} = Z, and write S = {s1,...,s,}
and R = {ry,...,r,}. Then {s;,r;, s;+1} and {r, 7;41, Si41} are triangles
and triads respectively. In fact, this property enforces M € {W,,, W"}
for any connected matroid M on E 11 F (see | , (6.1)]).

In Lemma 4.39 we describe all realizations of wheels and whirls. In
particular it shows the well-known fact that whirls are not binary. <

3. CONFIGURATION POLYNOMIALS AND FORMS

In this section we define configuration polynomials and configuration
forms. We lay the foundation for an inductive proof of our main result
using a handle decomposition. In the process we generalize some known
results on graph polynomials to configuration polynomials.



18 G. DENHAM, M. SCHULZE, AND U. WALTHER

3.1. Configuration polynomials. To prepare the definition of con-
figuration polynomials we introduce some notation.

Let W < K¥ be a configuration. Compose the associated inclusion
map with g to a map

(3.1) aws: We— KF 55 K5

invariant under enlarging . Fix an isomorphism
(3.2) cw: K— AW W
and set ¢y := idg. Note that a choice of basis of W gives rise to such
an isomorphism. Fix an ordering on E to identify
|S]

(3.3) AK® =K.

Note that different orderings result in a sign change only. If S has size
|S| = dim W, consider the determinant

/\ISI aw.s

det a,g: K —2—— ASTw APKS = K

defined up to sign and set
cw,s 1= det2aW75 c K.
Note that ag g = idg and hence ¢y g = 1.

Remark 3.1. Let W < K be a configuration, and let S € F' € E with
|S| = dim W. Then the maps (3.1) for W and W|r form a commutative
diagram

aw,s
We KPP T, K5
W|pe—s K =5 KS
aW\F,S
and hence cyyg = ¢* - cw|p,s for some c € K* independent of S. o

Consider the dual basis EY = {e¥ | e € E} of E as coordinates

(3.4) ze:=e', eelk,
on K¥, and abbreviate 0, := %. Given an enumeration of £ =
{e1,...,e,} we write z; := z,., and 0; := 0,,. For a subset S € F,

set Tg := (Te)ees and z° := [ [.cs e and abbreviate x := xp.
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Definition 3.2 (Configuration polynomials). The configuration poly-
nomial of the configuration W < K¥ is the polynomial

hy = Z cwp - 2P e Klz].

BEBM

Remark 3.3 (Well-definedness of configuration polynomials). Any two
isomorphisms (3.2) differ by a nonzero multiple ¢ € K*. Using the
isomorphism ¢ - ¢y in place of ¢y replaces ¥y by ¢ - ¥y. In other
words, 1y is well-defined up to a squared non-zero factor. Whenever
1y occurs in a formula, we mean that the formula holds true for a
suitable choice of such a factor. o

Remark 3.4 (Configuration polynomials and basis scaling). Dividing
e € E by ¢ € K* multiplies z. = e by ¢ (see Remark 2.11) and the
identifications (3.3) with e € S by ¢. This results in multiplying, for
each e € B € By, cwp by ¢® and z? by c. The same result is achieved
by substituting ¢ - z, for x, in ¥y,. Scaling F thus results in scaling x
in @ZJW

On the other hand, dropping the equality (3.4) and scaling e € F
for fixed x, replaces W in ¢y, by an equivalent realization (see | ,
§6.3]). o

Remark 3.5 (Degree of configuration polynomials). By definition, kM =
0 if and only if ¢y, = 1 for some/any realization W < K¥ of M and
otherwise

deg iy = kM = dim W

for any realization W < K% of M. A variable z. does not appear in
(divides) ¥y exactly if e € E is a (co)loop in M. o

Remark 3.6 (Matroid polynomial). For any matroid M, not necessarily
realizable, one might consider the matroid (basis) polynomial

(VIS Z P

BEBM

If M is regular, then ¥y = ¥ for any totally unimodular realization
W of M. In this case, for any field IK, all realizations of M are equiva-
lent (see [ , Prop. 6.6.5]), and thus define geometrically equivalent
configuration polynomials (see Remark 3.4). In general, ¥y and ¥y
are geometrically different (see Example 5.2). o

Ezample 3.7 (Configuration polynomials of free matroids and circuits).

Let W < K¥ be a realization of a matroid M, and set n := |E]|.
(a) Suppose that M is free. Then then E € By and
w = a”

is the elementary symmetric polynomial of degree n in n variables.
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(b) Suppose that M is a circuit. Then E € Cy and by Remark 3.1

Yw =D Ywne.
eel
With £ = {ey,...,e,}, W has a basis w’ = ¢; + ¢; - e, with ¢; € K*
where i = 1,...,n—1. Scaling first w!,...,w" ! and then e,...,e,_1
makes ¢; = -+ = ¢,_1 = 1. This makes ¥y the elementary symmetric
polynomial of degree n — 1 in n variables. o

Ezample 3.8 (Configuration polynomial of the prism). For the unique
realization W of the prism matroid (see Lemma 2.19),

by = z1xa(x3+24)(T5+26) +T324(T1+20) (x5 +26) + 2526 (01 +22) (T3+24).
o

In the following we put matroid connectivity in correspondence with
irreducibility of configuration polynomials. As a preparation we lift a
direct sum of matroids to any realization.

Lemma 3.9. Any decomposition M = My @ My of matroids with un-
derlying partition E = Fy U Ey induces a decomposition of realizations
W =W, ® W, where W; < KFi.

Proof. The splitting of m;: IK¥ — K¥i allows one to consider W; :=
(W) < KP. Decompose a basis B = By LU By € By into B; €
B, where @ = 1,2. Then m; o awp factors through isomorphisms
aw, B, W; — KPi where i = 1,2. Composing with K?# — K shows
that W, < W and hence W; = W n K% for i« = 1,2. It follows that
KP = KF* @ K2 induces W = W; @ Ws. d

Proposition 3.10 (Connectedness and irreducibility). Let M be a ma-
troid of rank tk M > 0 with realization W < K. Then M is connected
if and only if M has no loops and Yy 1is irreducible. In particular, if
M= @, M; is a decomposition into connected components M;, then
Yw = [Iio, Yw, where Y, is irreducible if tkM; > 0, and Yy, = 1

otherwise

Proof. First suppose that M = M; @My is disconnected with underlying
proper partition £ = E), U F,y. By Lemma 3.9, any realization W < K¥
of M decomposes as W = W; @ W, where W; < K. Then awp =
aw, B, ® aw, B, for all B = By u By € By and hence Yy = Yw, - Yws,.
This factorization is proper if M and hence each M; has no loops (see
Remark 3.5). Thus 1y is reducible in this case.

Suppose now that vy is reducible for some realization W < K¥ of
M. Then Yy = 1 - ¥y with 1»; homogeneous of positive degree, for
1 = 1,2. Since ¥y is a linear combination of square-free monomials
(see Definition 3.2), this yields a proper partition £ = E; 1 Ey such
that i; € K[zg,], for ¢ = 1,2. In particular, there is no cancellation
of terms in the product 1y = 1 - 1. Consider the corresponding
restrictions M; = M|g,, for i = 1,2.
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Each basis B € By indexes a monomial 22 of 1y,. Set B; :== Bn E;,
for i = 1,2. Then 28 = 2B . 282 where 25 is a monomial of v;, for
1 = 1,2. By homogeneity of 1;, B; is a basis of M;, for i = 1,2, and
hence B = By u By € Bu,gm,- 1t follows that By S Bw,gm,-

Conversely, let B = By L By € Bu,gm,. By definition, B; € By, is of
the form B, = B n E; for some B € By, for i = 1,2. As above, 2% is
then a monomials in 1);, for © = 1,2. Since there is no cancellation of
terms in the product ¥y = 1 - 19, 2P is then a monomial of 1y, and
hence B € By. It follows that By 2 Bu,em, as well.

So M = M; @ M, is a proper decomposition, and M is disconnected.

O

We use the following well-known fact from linear algebra.

Remark 3.11 (Determinant formula). Consider a short exact sequence
of finite dimensional IK-vector spaces

0 w V U 0.

Abbreviate AV := AY™Y V. There is a unique isomorphism

(3.5) Awe \U=/AV

that fits into a commutative diagram of canonical maps

/\W®/\dimUV /\dimWV®/\dimUV

l |

AWRAU AV.

Tensored with

(AU = AU, (AW) = AW

respectively it induces identifications

(3.6) AW =Ave \NU", NUu=/A\W"&/V.

Consider a commutative diagram with short exact rows

0—— W ——V—— U ——0
o I
04— U e— Ve W' 0.

Applying (3.5) to the rows yields a composed isomorphism

Na@AB T AWRIAU— AU AW
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and with (3.6) a commutative diagram
ANW=—=AWSSAUAU AVRAUY
/\alz /\a@/\ﬂ*@/\ﬂVF slid@/\/ﬁv
NU=—ANUQAWIAWY=—AVRIAW".

&

The following result describes the behavior of configuration polyno-
mials under duality. The proof by Bloch, Esnault and Kreimer for
graph polynomials applies verbatim (see | , Prop. 1.6]).

We consider £V as the dual basis of E and identify

(]KE)\/ _ ]KEV ]
The bijection (2.5) extends to a K-linear isomorphism
v: KPP - KF”
Proposition 3.12 (Dual configuration polynomial). Let W < K¥ be
a realization of a matroid M. Then, for a suitable choice of cy,
det ayL g1 = tdetaws
for all S € E of size |S| = rkM. In particular,
bwr = 2" Y () )eer)-

Proof. Let S < E be of size |S| = tkM. Then S € By if and only
if S+ e Byr. We may assume that this is the case as otherwise both
determinants are zero. Then there a commutative diagram with exact
rOwWsS

0 W K~ KE/W ——0

aw,s | ~ ~|v ;Taxjvl,sL
-1 v

TSovV sl 1
0 KS KE” K «—0.

This yields a commutative diagram (Remark 3.11)

K—F—— AP KF @k K
cw Jid@CWL
/\rkM W —— /\|E\ KE ® /\rkMi wi
/\rkM aw.s J/\E V@/\rk M+ -

/\rkM KS /\|E| KE" ® /\rkML ]KSL‘

Up to a sign, the composition

K = AFIKE A=y AFIKE — K
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is the identity. A suitable choice of ¢y yields the claim (see Re-
mark 3.3). O

The coefficients of the configuration polynomial satisfy the following
restriction-contraction formula.

Lemma 3.13 (Restriction-contraction for coefficients). Let W < K¥
be a realization of a matroid M. For B € By and F' < E, BnF € By,
if and only if B\F € Bwyp. In this case,

2
Cw,B = Cp " CW/F,B\F * CW|p,BAF
_ ~1 -1 ¥ oo g
where cp = Cyp - Cwip - CW € K* is independent of B.

Proof. The equivalence follows from the commutative diagram with
exact rows

0—— W/F T Wlp——0
0 KEF KE K 0
0 —— KB\ KB KEF — .

Taking exterior powers yields (see Remark 3.11)

(3.7)
K = K=KoK
cwl: ) ZJCW/F®CWF
/\rkM W —— /\rkM/F W/F ® /\rkM\F W
/\rkMaW’BJ/ l/\rkM/F awr,p r@N\ME AW|p,BAF

/\rkM ]KB /\rkM/F]KB\F®/\rkM\F ]KBQF
where cp = c;vl/F : cg}‘F ey € K* is independent of B. U

The following result describes the behavior of configuration polyno-
mials under deletion-contraction. The statement on 0.1y was proven
by Patterson (see | , Lem. 4.4]).

Proposition 3.14 (Deletion-contraction for configuration polynomi-
als). Let W < K be a realization of a matroid M. Then

Ywe = Ywye if e is a loop,
Yw = { Ywl. - Yw)e = Yw), - Ywne  if € is a coloop,
Ywne + Ywi, - Ywye otherwise,
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where Yy, = cw|, g} - Te With cw). ¢y € K* if e is not a loop. In
particular,
.

0 if e 1s a loop,
Oetbw = { Ywse = Yune if € is a coloop,
L Yw /e otherwise,

(wW\e = ¢W/e Zfe s a l00p7
Yw|g.—0 = {0 if e is a coloop,

{ e otherwise.

Proof. Decompose

(38) Q/JW = Z CW,B - JJB + X - Z Cw,B SL’B\{e}.
e¢ BeBy ec BEB\

The second sum in (3.8) is non-zero if and only if e is not a loop. By
Lemma 3.13 applied to F' = {e}, it equals (see (2.3))

Erewige Dy owiene 10 = owlge Ywe
BeBye
where ¢ := ¢y € K*.
The first sum in (3.8) is non-zero if and only if e is not a coloop.
In this case, F' := F\{e} satisfies W/F = W n K{¢ = 0 and W|p =
W/(W nK®) = W. It follows that cy/rg = 1 and (see (3.7))

rkM|p rkM/e rk M|e

N\ Wie= /\ Wee \ Wi

yields cp = ¢y = ¢. By Lemma 3.13, the first sum in (3.8) then equals
(see (2.1))
C2 ’ Z CW\e,B * zB = 02 ’ wW\e-
BEBM\e
If e is a (co)loop, then W /e = We (see Remark 2.15.(a)). This yields
the claimed formulas up to the factor ¢2, but ¢ = 1 for a suitable choice
of ey (see Remark 3.3). O

The following formula relates configuration polynomials with dele-
tion and contraction of handles. It is the basis for our inductive ap-
proach to Jacobian schemes.

Corollary 3.15 (Configuration polynomials and handles). Let W <
K% be a realization of a connected matroid M on E, and let E # H €
Hwm be a proper handle. Then H € Cyvyp\m) and

(3.9) Yw = Ywpn)  Yw\e + Ywiy c Ywod,
(310) wW/(E\H) = Z wW|H\{h}7
heH

(311) ¢W|H = xHa wW|H\{h} = xH\{h}
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In particular, after suitably scaling H,

(3.12) Yy = 2 MR Yyg + z- Ywn.
heH

Proof. By Lemma 2.3.(b), there is a H & C € Cy. Since H € Hy,
H < C for any C' € Cy with C'" & E\H. This yields the first claim (see
(2.4)) and hence (3.10) by Example 3.7.(b). By Lemma 2.3.(b) (see
(2.1)), M|g is free, and equalities (3.11) follows from Example 3.7.(a).
Equality (3.12) follows from (3.9), (3.10) and Example 3.7.(b). It re-
mains to prove equality (3.9).

We proceed by induction on |H|. Proposition 3.14 covers the case
|H| = 1. Suppose now |H| = 2. Let h € H and set H' := H\{h}. Since
M is connected,

(3.13) Yw = Yy + Ywy, c Ywon

by Proposition 3.14. By Lemma 2.3.(c) and (b), the set H' consists of
coloops in M\h and M|y is free. Iterating Proposition 3.14 thus yields

(3.14) Yw\n = H Ywy,, Ywa = Ywy,,  Ywa-
heH

By Lemma 2.3.(d), the set H' is a proper handle in the connected
matroid M/h. By Lemma 2.3.(c), h is a coloop in M\ H" and hence

W/R\H' = W\H'/h = W\H\h = W\H.
by Remark 2.15.(a). By the induction hypothesis,
(3.15) Ywn = Z DWWy~ YW+ Pwy, - Yw
h'eH’

By Lemma 2.3.(b), M|z and M| g guy are free. Iterating Proposition 3.14
thus yields

(316) ¢W\h : 77DVV|H/ = ¢W|H7 ¢W|h : ¢W|H’\{h’} = ¢W|H\{h’}’
by Proposition 3.14. Using equalities (3.10) and (3.16), equality (3.9)
is obtained by substituting (3.14) and (3.15) into (3.13). O

The following result describes the behavior of configuration polyno-
mials when passing to a hyperplane. It is not needed to prove our main
result.

Proposition 3.16 (Configuration polynomial of hyperplanes). Let W <
K be a realization of a matroid M, and let 0 # o € WY. Then

2
wW(p = Z (Z i@e - det aW,Bu{e}) xBa

BCE e¢B
|B|=rk M—1

where @ = (@e)ecr € (KF)Y is any lift of .
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Proof. Set V := W' and V, := Wé and consider the commutative
diagram with short exact rows and columns

0
0 K
0 W, K# vy 0
0 %% K# Vv 0
© /
%)
K 0
0.

Dualizing and identifying the two copies of KK by the Snake Lemma
yields a commutative diagram with short exact rows and columns

(3.17)

0
0 K
0 Wy KF +—V,+—0
0 wv KF «+—V+—0
I /
@
K 0
0.

By Remark 3.11 and with a suitable choice of ¢y (see Remark 3.3), the
right vertical short exact sequence in (3.17) gives rise to a commutative
square

eV,

K——

K cv /\I‘k 'VlL V

rkMLt+1
Vw
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Let B’ € EY with |B'| = dim V,, = tk M*+1 and denote ¢p' = (Pe)ecp-
Due to (3.17) the maps oy, pr and
(s avp) KoV K - K¥

rk ML +1

agree after applying /\ . Laplace expansion thus yields

det Oévw,B’ = Z i@e - det Ay, B'\{e}-
eeB’
Let B € E with |B| = dimW,, = tkM — 1 and B’ = B*. Then
Proposition 3.12 yields

2
CW,,B = <Z +@, - det amBu{e}> ) O

e¢B

3.2. Graph polynomials. We continue the discussion of graphic ma-
troids from §2.4 discussing their configuration polynomials.
Let G = (E,V) be a graph.

Definition 3.17 (Graph polynomial). The (first) graph polynomial or
Kirchhoff polynomial of a graph G is the polynomial

¢G = Z $T.
TeT(G)

By (2.7), we have 1) = ¥y for any totally unimodular realization
W of M(G). In particular, this yields the following result of Bloch,
Esnault and Kreimer (see | , Prop. 2.2] and Proposition 3.12).

Proposition 3.18 (Bloch, Esnault, Kreimer). For any graph G, we
have (see Definition 2.17)
Ve = Ywg- O

Denote by 73(G) the set of acyclic subgraphs T of G with |V| — 2
edges. Any such T has 2 connected components T7 and T, and we write
T = {Ty,Ty}. For any subgraph S of G and p € KV we abbreviate

ms(p) = va-

veS
If pekero (see (2.8)) and T" € T5(G), then

mT1<p) = Z Pv = — Z Dv = _mT2(p)
veTl ’U€T2
and hence m7, (p) € K is well-defined.

Definition 3.19 (Second graph polynomial). The second graph poly-
nomial of a graph G over K is the polynomial

wc(p> = Z m%l (p) . le\_JT2
{1, T2}€T2(G)
depending on a momentum 0 # p € ker o for G over K.
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The following is a reformulation of a result of Patterson realizing the
second graph polynomial as a configuration polynomial of hyperplanes
(see | , Prop. 3.3]). Patterson’s proof makes the general formula

in Proposition 3.16 explicit in case of graph configurations (see | ,
Lem. 3.4]).

Proposition 3.20 (Patterson). For any graph G and momentum p of
G over K, we have (see Definitions 3.19, 2.14.(b) and 2.17)

Ya(p) = bwe),- O

3.3. Configuration form. The configuration form yields an equiv-
alent definition of the configuration polynomial. Its second degener-
acy scheme turn out to be closely related to the Jacobian scheme of
non-smooth points of the hypersurface defined by the corresponding
configuration polynomial.

Definition 3.21 (Configuration form). Let ux denote the multiplica-
tion map of K. Consider the generic diagonal bilinear form on K¥,

Q= er‘,u]Ko(eV x e¥): KF x KF — K[x].
eeF

Let W < K% be a configuration of rank r = dimg W. Then the
configuration (bilinear) form of W is the restriction of @ to W,

QW = Q|W><W: W X W — ]K[.T]

Alternatively, it can be considered as the composition of canonical maps

(3.18) Ow: Wx] — KF[2] 2 KB [2] —— W [],
where —[z] means — ® K[z]. For k =0,...,r, it defines a map

r—k r—k

AWe /\WeKz] - K[z]
Its image is the kth Fitting ideal Fitt) coker Qw (see | , §20.2])

and defines the k — 1st degeneracy scheme of Qw. We set
My = Fitty coker Qu < K|x].

Remark 3.22 (Matrix representation of configuration forms). With re-

spect to a basis w = (w!,...,w") of W, Qw becomes a matrix of

Hadamard products
Qu = (zrw' xw’);; = (Z Te - W, - wé) e K™, w!:=e"(w").
eeF ij

Let Q(i, j) denote the submaximal minor of a square matrix ) obtained
by deleting row ¢ and column j. Then

My = <QW(Z73> ‘ ,] € {17"'7T}>'
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Any basis of W can be written as w’ = Uw for some U € Autg W.
Then

Qw’ = UQw Ut .

and the Q. (i,7) become IK-linear combinations of the Q,(i,7). We
often consider @y as a matrix @),, determined up to conjugation. ¢

Remark 3.23 (Configuration forms and basis scaling). Scaling E results
in scaling of z in @ and in My, (see Remark 3.4). o

Bloch, Esnault and Kreimer defined ¢y in terms of Qy (see |
Lem. 1.3]).

Lemma 3.24 (Configuration polynomial and form). For any configu-
ration W < K, there is an equality vy = det Qyy . Il

The following result describes the behavior of Fitting ideals of con-
figuration forms under duality. We consider the torus

T .= (K*)¥ < K.
We glue K¥ and K¥" along their tori by identifying
T =TF", x;'=2,., cekE.

Proposition 3.25 (Duality of cokernels of configuration forms). Let
W < K% be a configuration. Then there is an isomorphism of K[T¥]-
modules

coker(Qw ),z = coker(Qy+) e,
where the lower index denotes localization. In particular,
(My)pe = (My1),zv SK[TH].

Proof. Consider the short exact sequence

(3.19) 0 W K ]KE/W—>O
and its K-dual

(3.20) 0 W K& Wt o,

We identify K¥ = KF*" and K¥/W = WV, and we abbreviate

QY = Qgs.

Then Q.= and QY5+ are mutual inverses by definition. Together with
(3.19) and (3.20) tensored by K[z*!] and (3.18) for W and W+, they
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fit into commutative diagram with exact rows and columns,
(3.21)
0

0 coker(QyyL)gev

0 , W[Ztil] ]KE[xil] WJ_v [xil] 0
(Qw),E QmEl TQ;EV (Qu1),EV

0 +— WV [zH] —rn KF' [2F!] ¢ —n— W [z* ] +——0

coker(Qw )= 0
0,
where —[z*1] means — ® K[z*!]. Injectivity of (Qw),#, and similarly

of (Qu1),ev, comes from det(Qw ),z = Yy € K[z*!] being regular if
W # 0 (see Lemma 3.24 and Remark 3.5). The claim follows from the
diagram (3.21) using the universal property of cokernels. O

The following result describes the behavior of submaximal minors of
configuration forms under deletion-contraction. It is the basis for our
inductive approach to second degeneracy schemes.

Lemma 3.26 (Deletion-contraction for submaximal minors). Let W <
K% be a configuration of rank r = dimg W and e € E. Then any basis
of W /e can be extended to bases of W and W\e such that Qw(i,7) =

(Que(i,7) = Quwyelis j) if e is a loop,
Ywe = Ywe if e is a coloop, i =1 = j,
Te - Qunelt, J) = e - Qwye(t,7)  if € is a coloop, i # 1 # J,
10 if e is a coloop, otherwise,
Vw/e if € 1s not a (co)loop, i =r = j,
Qune(i, 7) if e is not a (co)loop, i =r orj=r,
L Qwe(7,7) + 2e - Qwe(i, J) if € is not a (co)loop, i # r # j
for alli,je{l,...,r}. In particular, the Qw (i, j) are linear combina-
tions of square-free monomials for any basis of W.
Proof. Pick a basis w!,...,w" of W < K¥ and consider

@W:<2xe-wz-wz)

eeFE

),
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as a matrix. Recall that (see Definition 2.14.(d) and (¢)),
W\e = Tpy (W), W/e=W n K",

and the description of (co)loops in Remark 2.15.(a):

e If e is a loop, then w! = 0 for all i = 1,...,r and hence W\e =
W =W/e.

e If e is not a loop, then we may adjust w!, ... w" such that w! = §;,
for all = 1,...,r and then w',... w"! is a general basis of W /e.

e If ¢ is a coloop, then we may adjust w" = e and 7g\ (.} identifies
wh, ... w! with a basis of W\e = W /e.
In the latter case,

(3.22) Qw = (QBV\E 0) :

Te

and the claim follows by Lemma 3.24.
It remains to consider the case in which e is not a (co)loop. Then

L\{e} and T (¢) identify wh, ... ,wtand w!, ... w" with bases of W /e
and W\e respectively. Hence,

_(Qwye b _(Qwpe b
(323) QW\e - ( bt a ) QW - bt Te +a

where both the entry a and column b are independent of z.. We con-
sider two cases. If i =  or j = r, then clearly Qw (i, j) = Qune(1, 7).
Otherwise,

QW(Z7]> = QW\@(%]) + Te QW/@(%])

This proves the claimed equalities and the particular claim follows (see
Remark 3.22) O

As an application of Lemma 3.24 we describe the behavior of config-
uration polynomials under 2-separations.

Proposition 3.27 (Configuration polynomials and 2-separations). Let
W < K¥ be a realization of a connected matroid M. If E = Ey U E; is
an (exact) 2-separation, then

Yw = Yw/e, - Ywip, T Vwig, - VW/E,-

Proof. Adopt the notation of [ , §8.2]. Extend a basis By € By,
to a basis B € By. Then W is represented as the row space of a matrix

(see | , (8.1.1)])

I 0 A O
520 (o)

where the block columns are indexed by B\Bs, B, E1\B n Ey, E>\Bsy
and tk D = 1. After ordering and scaling By and E;\B n E; suitably
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we may assume that

Dz(lb)tal,
ar=(1 -+ 10 - 0)=0,
b=(1 -~ 1.0 --- 0).

The size of b and a; is determined by number of rows and columns of
D, respectively. While b could be 0, at least one entry of a; is a 1.
After suitable row operations and adjusting signs of xp,, the matrix
(3.24) of W can be repartitioned as follows

I 00 A O
(325) 01 0 a; Qo
0o I 0 A

Let e € F the index of the column (0 1 b)". Let Xy, z., Xo, X, X} be
diagonal matrices of variables corresponding to the block columns of
the matrix (3.25) of W. Then the corresponding matrix of Qw takes
the form

X1 + AlXiAli AlX{(l)i 0
Qw = a; X7 A} Te + a1 X1a} + agXhab zeb + ag X5 AL
0 bla, + Ay Xbah bladb + Xy + Ay X5 AL

It involves the matrices

Q — QW/E2 AlXiali
Wiz, a XjAY e Xjdt )7

Qw /e, = X1 + A1 X AL,

Te + apXhal b+ asXHAL
QW|E2 = btxe + AQXéCLg QW/El )
QW/El = btlfeb + XQ + AQXéA;

Laplace expansion of 1y = det Qy along the eth column yields the
claimed formula. OJ

Remark 3.28. Let W < K be a realization of a connected matroid
M, and let H € Hy be a separating handle. By Lemma 2.3.(e), H U
(E\H) is a 2-separation of M. Proposition 3.27 applied to (Ey, Es) :=
(E\H, H) thus yields the statement of Corollary 3.15 in this case. ¢

Remark 3.29. Note that

dy := deg ¢W|E1 = deg ¢W/E2 + 1,
dy := deg hw|, = degw/p, + 1.



CONFIGURATION HYPERSURFACES 33

For F' < E, consider the Euler operator xp = >, _r 0. Then

XEN#W = dﬂ/}W\El ¢W/E1 + (dl - 1)¢W/E2¢W\E2;
X Yw = (do — V)Yw, Yw)/e, + dotbw e, Ywp,

and subtracting respectively diiy and doyy yields
VWip, YW/ B YwBYws, € Jw.

So any prime over Jy, contains a factor from each summand of ¥y in
the formula of Proposition 3.27. o

4. CONFIGURATION HYPERSURFACES

In this section we establish our main results on Jacobian and sec-
ond degeneracy schemes of realizations of connected matroids: The
second degeneracy scheme is Cohen-Macaulay, the Jacobian scheme
equidimensional, of codimension 3 (see Theorem 4.23). The second de-
generacy scheme is reduced, the Jacobian scheme generically reduced
if chIK # 2 (see Theorem 4.23).

4.1. Commutative ring basics. In this subsection we review prelim-
inaries on equidimensionality and graded Cohen-Macaulayness. For
the benefit of the non-experts we provide full proofs. Further we re-
late generic reducedness for a ring and an associated graded ring (see
Lemma 4.5).

4.1.1. Equidimensionality of rings. Let R be a Noetherian ring. It is
equidimensional if it is catenary and

Vp € Min Spec R: VYm € MaxSpec R: p € m == height(m/p) = dim R.

In case R is an affine K-algebra these two conditions reduce to (see
[ , Thm. 2.1.12] and | , Thm. 5.6])

Vp € Min Spec R: dim(R/p) = dim R.
We say that R is pure-dimensional if
Vp e Ass R: dim(R/p) = dim R.
The following lemma applies to any equidimensional affine IK-algebra.

Lemma 4.1. Let R be a Noetherian ring such that Ry s equidimen-
sional for all m € Max Spec R.

(a) All saturated chains of primes in p € Spec R have length height p.
(b) For any p € Spec R, x € R and q € Spec R minimal over p + {x),

height g < heightp + 1.
Proof.
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(a) Take two such chains of length n and n' starting at minimal
primes po and p; respectively. Extend both by a saturated chain of
primes of length m containing p ending in a maximal ideal m. Since
Ry, is equidimensional by hypothesis, the extended chains have length
n+m=n'"+m.

(b) By the Krull principal ideal theorem, height(q/p) < 1. Take a
chain of primes in p of length height p and extend it by q if p # q. By
(a), it has length height g and the claim follows. O

Lemma 4.2. Let R be an equidimensional affine IK-algebra and x € R.
If R, # 0, then R, is equidimensional of dimension dim R, = dim R.

Proof. Any minimal prime of R, is of the form p, where p € Min Spec R
with z ¢ p. By a version of the Hilbert Nullstellensatz, () Max V (p) = p

(see | , Thm. 5.5]). This yields an m € Max Spec R such that
p € m 3 z. In particular p, € m, € MaxSpec R, and dim R, /p, =
height(m,/p,) = height(m/p) = dim R. O

4.1.2. Generic reducedness. A Noetherian ring R is generically reduced
if R, is reduced for all minimal primes p € Min Spec R. Equivalently R
satisfies Serre’s condition Ry that R, is regular for all p € Min Spec R.
We use the same notions for the associated affine scheme Spec R.

Definition 4.3 (Generic reducedness). We call a Noetherian scheme
X generically reduced (or Ry) along a subscheme Y if X is reduced at
all generic points specializing to a point of Y. If X = SpecR is an
affine scheme, then we use the same notions for the Noetherian ring R.

Lemma 4.4 (Reducedness and reduction). Let (R, m) be a local Noe-
therian ring. If R/tR is reduced for some parameter system t, then R
15 reqular.

Proof. By hypothesis, R/tR is local Artinian with maximal ideal m/tR.
Reducedness makes R/tR a field and hence m = tR. Then R is regular
by definition. U

Lemma 4.5 (R, and normal cone). Let R be a Noetherian d-dimensional
ring and I <R an ideal. Consider the (extended) Rees R|[t]-algebra (see

[ , Def. 5.1.1])
S := Rees; R = R[t, It '] € R[t™]
and the associated graded ring R := gr; R = S/tS.

(a) Suppose R is an equidimensional affine K-algebra. Then S is a
d + 1-equidimensional affine K-algebra. If in addition I # R, then
R is a d-equidimensional affine K-algebra.

(b) If S is equidimensional and R is Ry, then R is Ry along V(I).
Proof. There are ring homomorphisms
R— R[t] > S — S/tS =~ R.
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Since R is Noetherian, [ is finitely generated. Then S is a finite type
R-algebra. In particular both S and R are Noetherian.

(a) Both Rees and gr commute with base change. After base change
to R/p for some p € Min Spec R we may assume that R is a d-dimensional
domain. Then S is a (d+1)-dimensional domain (see | , Thm. 5.1.4]).
Since R is an affine K-algebra, so is S. In particular it is (d + 1)-
equidimensional. If I # R, then t is an S-sequence. With the Krull
principal ideal theorem it follows that S/tS =~ R is d-equidimensional.

(b) Let p € Min Spec R be a minimal prime and consider the exten-
sion p[t*!] € Spec R[t*!]. Then (see | , p- 96])

t¢p:=p[tt] n S e MinSpec S

and hence

(4.1) Sp = (S)p, = Rt ).

Since p[t¥!] n R = p the map R — R[t*!] localizes to an inclusion
(4.2) Ry, = R[t*]pt1].

To check injectivity, suppose R, 3 2/1 — 0 € R[t*']yp+17. Then 0 =

zy € R[t*] for some y = >, y;t* € R[tT']\p[t*']. Then 0 = zy; € R for

all ¢ and y; € R\p for some j. It follows that 0 = z/1 € R,. Combining

(4.1) and (4.2) reducedness of R, follows from reducedness of Sj.
Suppose now that V(p) n V(I) # ¢ and hence

R#p+1T=py+ (tS)o= (p+tS)o

implies p+tS # S. Let q € Spec S be a minimal prime over p+tS. Then
height ¢ = 1 by Lemma 4.1.(b) and since t is an S-sequence. Hence
q is minimal over ¢S and ¢ is a parameter of S;. Under S/tS =~ R
the minimal prime q/tS € Spec(S/tS) corresponds to a minimal prime
q € Spec R. If R is Ry, then S;/tS; = (S/tS)qs = Ry is reduced. By

Lemma 4.4, S; and hence its localization (Sq)s, = S; is reduced. O

4.1.3. Graded Cohen—Macaulay rings. Let (R, m) be a Noetherian *local
ring, that is, m is the unique maximal graded ideal (see | , Def. 1.5.13]).
For any p € Spec R denote by p* the maximal graded ideal contained

in p. Then p* € Spec R (see | , Lem. 1.5.6.(a)]) and (see | ,
Thm. 1.5.8.(b)])

(4.3) p* < p — dim Ry + 1 = dim R,

If m € MaxSpec R and p* < p, then p* < m and hence dim Ry« <
dim Ry, and dim R, < dim Ry, by (4.3). Otherwise, m = n* < n €
Max Spec R. Then dim Rp+ < dim R, and hence dim R, < dim Ry +
1 = dim R, by (4.3). It follows that

(4.4)

) dim Ry, if m € Max Spec R,
dimR =< . .
dim R, + 1 if m ¢ Max Spec R.
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For any proper graded ideal I < R also (R/I,m/I) is *local and

(4.5) m € Max Spec R <= m/I € Max Spec(R/I).

All associated primes p € Ass R are graded (see | , Lem. 1.5.6.(b).(ii)])
and hence p € m. This yields a bijection (see | , Lemma 05BZ])
(4.6) Ass R — Ass Ry, P+ Pn.

Lemma 4.6. Let (R, m) be a *local Cohen—Macaulay ring and I I R
a graded ideal. Then R is pure-dimensional and height [ = codim /.

Proof. The hypothesis is equivalent to Ry, being (local) Cohen—Macaulay
(see | , Ex. 2.1.27.(¢)]). In particular R, is pure-dimensional (see
[ , Prop. 1.2.13]) and height I, = codim I, (see | , Cor. 2.1.4]).
Using (4.4), (4.5) for I = p and bijection (4.6),

dim R, + 1 if m € Max Spec R,

VpeAssR: dimR = _ ]
dim Ry, if m ¢ Max Spec R,

dim (R /) if m ¢ Max Spec R,
Jmp + 1 if m € Max Spec R,

dim(R/p
dim(R/P)m/p if m ¢ Max Spec R,
= dim(R/p).

{ im(Ry/pm) +1 if m € Max Spec R,
(
(
(

Using (4.4) and (4.5),
height I = height I, = codim [,
— dim Ry — dim (R /In)
= dim Ry — dim(R/1 )wm/r
= dim R — dim(R/I) = codim I. O

4.2. Jacobian and degeneracy schemes. In this subsection we as-
sociate Jacobian and second degeneracy schemes to a configuration.
By results of Patterson and Kutz, their supports coincide and their
codimension is at most 3.

If R is a Noetherian ring, then the minimal primes p € Min Spec R
are the generic points of the associated affine scheme Spec R. We refer
to associated primes p € Ass R as associated points of Spec R. Due to
Lemma 4.6,

codimgr Spec(K[z]/I) = height I
for any graded ideal I < K[x].

Definition 4.7 (Jacobian and degeneracy schemes). Let W < K¥ be
a configuration. Then the subscheme

X := Spec(K[z]/(Yw)) < K”
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is called the configuration hypersurface of W. Its Jacobian ideal is
Jw = Ww) + (Otbw | e € E) JK]|z].
The subschemes (see Definition 3.21)
Yw = Spec(K[z]/Jw) € K¥,  Aw := Spec(K[z]/Mw) < K,
we call the Jacobian scheme and the second degeneracy scheme of W.

Remark 4.8 (Degeneracy and Non-smooth loci). If ch K }y rkM = deg v
(see Remark 3.5), then ¢y is a redundant generator of Jy due to the
Euler identity. By Lemma 3.24, X4 and Ald are the first and second
degeneracy loci of Qy (see Definition 3.21) whereas X554 is the non-

smooth locus of Xy over K (see | , Thm. 30.3.(1)]). If in addition
K is perfect, then ¥t is the singular locus of Xy (see | , 628,
Lem. 1]). o

Remark 4.9 (Codimension-2 components). The non-smooth locus :1¢d
contains the intersection of any two irreducible components of Xy,

(see | , Thm. 30.3.(5)]). By Proposition 3.10, it follows that 3y,
has codimension 2 in K¥ if M is disconnected even when loops are
removed. o

Lemma 4.10 (Inclusions of schemes). For any configuration W < K¥,
there are inclusions of schemes Ay € Ny < Xy < KZ.

Proof. By Lemma 3.24, vy € My, and hence the second inclusion.
Let e € E and choose a basis of W as in the proof of Lemma 3.26. By
Lemma 3.24 and the matrix representations for Qyw in (3.22) and (3.23),
Ochw € Myy. Thus, Jyy € My, and the first inclusion follows. O

Remark 4.11 (Schemes for matroids of small rank). Let W < K¥ be a
realization of a connected matroid M.

(a) Suppose that rkM = 1. Then W is generated by (1,...,1) after
scaling £ and M = U, ,, is uniform where n = |E|. It follows that
Yw = D ep Te and Ay = Xy = .

(b) Suppose that tk M = 2. Then ¢y is a quadratic form and Jy, is
a prime ideal generated by linear forms. It follows that both Ay, and
Yy are IK-linear subspaces of IK¥ and hence integral schemes.

o

Ezample 4.12 (Schemes associated to a triangle). Let M be a matroid
on E € Cy with |E| = 3 and hence tkM = |E| — 1 = 2. Up to scaling
and ordering E = {ej, 3, e3} any realization W of M has the basis

1 2
w =e;+e3, W =eg+es.

With respect to this basis

Q [T+ 33 T3
w T3 To+x3)/) "
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It follows My, = (x1 + x3, 22 + x3,x3) and Ay is a reduced K-valued
point.
On the other hand

Yw = det(Qw) = z129 + T123 + T3

and hence Jy = (Yw,x1 + T, 21 + T3, T2 + x3). The matrix express-
ing the linear generators in terms of x1,z9, x5 has determinant 2. It
follows that Xy is reduced if and only if ch K # 2. o

Patterson proved the following result (see | , Thm. 4.1]).

Theorem 4.13 (Patterson). Let W < K¥ be a configuration. Then
there is an equality of reduced loci 3558 = A¥4. In particular, Sy and
Aw have the same generic points. O

Remark 4.14. While Patterson assumes chlK = 0 and excludes the
generator ¥y € Jy, his proof works in general (see Remark 4.8). ¢

Corollary 4.15 (Cremona automorphism of the torus). Let W < K
be a configuration. Then the automorphism of T defined by x. — y.
where x. - y. = 1 for all e € F identifies

XwnT? =~ Xy nTE, SpnT? = S 0nT?, Ay TP =~ Ay nTE.

In particular, Xy, Aw, Swi, Awe have the same generic points in
TE.

Proof. Propositions 3.12 and 3.25 yield the statements for Xy, and Ayy.
Since .0y, = Ye0y,, the statement for Xy, follows from that for Xyy.
The particular claim uses Theorem 4.13. U

Proposition 4.16 (Codimension bound). Let W < K¥ be a config-
uration. Then the codimensions of Yy and Ay in K¥ are bounded

by

codimge Xy = codimge Ay < 3.

In case of equality, Ay is Cohen—Macaulay and hence pure-dimensional
and Yy is equidimensional. Then all associated points of Ay are
generic and all generic points of Sy have codimension 3 in KF.

Proof. The equality of codimensions follows from Theorem 4.13. The
scheme Ay, is defined by the ideal My, of submaximal minors of the
symmetric matrix Qy with entries in K[z]. Kutz proved the inequal-
ity and that My is a perfect ideal in case of equality (see [ ,
Thm. 1]). In this latter case K[z]/ My = K[Aw] is a Cohen-Macaulay
ring (see | , Thm. 2.1.5.(a), 2.1.9]). The remaining claims are due
to Lemma 4.6 and Theorem 4.13. O
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4.3. Deletion of (co)loops. In this section we consider a matroid
that is connected after deletion of all (co)loops. Here the Jacobian
and second degeneracy schemes can be described explicitly. In addi-
tion to components of the connected deletion the (co)loops give rise to
components of codimension 2.

Lemma 4.17. Let R be a ring, I < R an ideal and p € I. Then
Iz] + (p) = I[z] n {p,z) < R[z],
where x is an indeterminate.

Proof. The non-trivial inclusion 2 follows from x-I[x] = I[z]n{x). O
Lemma 4.18 (Ideals and deletion of (co)loops). Let M be a matroid
with realization W. For any e e E
JW\e[xe] if e is a loop,
Jw =
Jwnelze] <¢W\e,9€ > if e is a coloop,
and

MW\B[a:e] if e is a loop,
My, =
MW\e Te| <1/)W\e,x > if e is a coloop.

Proof. By Proposition 3.14 and Lemma 3.26, the claim is clear if e
is a loop. Suppose that e is a coloop. Note that ¥y, € Jyre by
definition and vy, € My, by Lemma 3.24. By Proposition 3.14 and
Lemma 4.17,

Jw = <'¢W\e> + Te - JW\e[xe] JW\e xe <¢W\e7 xe>
By Lemmas 3.26 and 4.17,
My = (bwre) + e - Myne[e] = Mynelze] 0 (dnne, e ). O

Proposition 4.19 (Schemes and deletion of (co)loops). Let M be a
matroid with realization W. Denote by L,C < E the sets of loops and
coloops of M. Consider M" := M\(L uC') and W' := W\(LuC). Then

Swo= (Swr x K)o | (X x KN O Ve, 2y)

eeC Cae#feC
and
Ay = (AW/ X ]KL“C) U U (XW/ X ]KLUC\{B}) V) U V(xe, xy).
eeC Cae#feC

Proof. By Lemma 4.18 and induction on |L u C|, we have
Jw = Jw[rroc] ﬂ (bwr, Te) O ﬂ <$e7$f>
eeC Cae#feC
and

My = Myw[zroc] ﬂ (W, xe) 0 ﬂ (e, xp).

eeC Cse#feC
The claim follows by taking associated affine schemes. U
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4.4. Generic points and codimension. In this subsection we show
that the Jacobian and second degeneracy schemes reach the codimen-
sion bound of 3 in case of connected matroids. The statements on
codimension and Cohen-Macaulayness in our main result follow. In
the process we obtain a description of the generic points in relation
with any non-disconnective handle.

Lemma 4.20 (Primes over the Jacobian ideal). Let W < K be a
realization of a connected matroid M, and let H € Hy be a proper

handle.

(a) For any h e H, 2\ “hwnm € Jw.

(b) For any e, f € H with e # f, x\ef}. Yy € Jw + (e, xy).

(c) For any de H and e € E\H, £ . 0.pyn g € Jw + (xa).

(d) If p € SpecK|z] with Jw < p # Yu\u, then (xe, x5, 24) S p for
some e, f,ge H withe # f # g # e.

Proof. By Corollary 3.15, we may assume that

by = Z R Yy + z Ywm-
heH

(a) Using that ¢y is a linear combination of square-free monomials
(see Definition 3.2,

2 Py g = Y la,—0 = bw — T Ontbw € Jw.

(b) This follows from

Jw 3 0w = Z gH\eh} “Upng + gH\el “Uwn
heH

= pH\ef} . TPW\H mod <xe, J:f>.
(c¢) This follows from

Jw 3 0cbw = > a0y g + 2 dbw
heH

= pH\d}. Octhwrg  mod {zq).

(d) By (a), the hypotheses force z/\"} € p for all h € H and hence
(ze,x5y S p for some e, f € H with e # f. Then z\&/} € p by (b)
and the claim follows.

U

Lemma 4.21 (Inductive codimension bound). Let W < K be a re-
alization of a connected matroid M, and let H € Hy be a proper non-
disconnective handle. If codimgen Yyng = 3, then Yy is equidimen-
sional of codimension 3 in KT with generic points of the following types:
(a) p ={xe,xp,25) =:p1 for somee, f,ge H, e # [ # g # e,

(b) p = <¢W\H,$d,$e> =: po for some d,e € H, d # e,

(¢c) Yuwru, Ywim €9 3 xe, for allee H.
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Proof. Since H is non-disconnective iy g is irreducible by Proposi-
tion 3.10. In particular, p; € Spec K[x] with height p; = 3 for i = 1,2.

Let p € SpecK[z] be any minimal prime over Jy,. By Proposi-
tion 4.16, it suffices to show for the equidimensionality that height p >
3. This follows in particular if p contains a prime of type p; or ps.
By Lemma 4.20.(d), the former is the case if Yy ¢ p. We may thus
assume that Yy g € p.

First suppose that x4 € p for some d € H. By Lemma 4.20.(c), then

o\ Octhwnm € P

for all e € E\H. If ™M@ € p then p contains a prime of type ps.
Otherwise Jyng + (xq) < p. Since Jyry I K[zp | but d € H, the
codimension hypothesis implies that

helght(Jw\H + <ZEd>) = 4.

It follows that height p > 4 which can not occur.
Now suppose that x;, ¢ p for all h € H and hence Yy, gz € p by
Corollary 3.15. By Lemma 4.20.(c), then

) OVwm € p + (xa)

for any d € H and e € E\H. Thus any minimal prime q over p + (x4)
contains one of the ideals

Chwnas bw jms Ta, Thy, o + (Ta)

for some h € H\{d}. Both have height at least 4: the first one since
degYw u < degtyru by Lemma 2.3.(e) (see Remark 3.5) and ¢y g
is irreducible, the second by hypothesis. Thus height q > 4 and hence
height(p + (x4)) = 4 and then heightp > 3 by Lemma 4.1.(b). O

Lemma 4.22 (Generic points for circuits). Let W < K¥ be a realiza-
tion of a matroid M on E € Cy with |E| —1 =1kM > 2. Then ¥ is
the union of all codimension-3 coordinate subspaces of IKF.

Proof. We apply the strategy of the proof of Lemma 4.21. Let p €
Spec K[z] be any minimal prime over Jy. If ¢yrg ¢ p for some E #
H € Hp, then by Lemma 4.20.(d) p contains z., x ¢, x, where e, f,g € H
with e # f # g # e. Otherwise p contains 22\ = ¢y € p for all
E # H € Hy and hence all x, where e € E (which can only occur if
|E| = 3). By Proposition 4.16, it follows that p = (x.,xs,z,) where
e # [ # g # e. By symmetry, all such triples e, f,g € E occur (see
Example 3.7). O

Theorem 4.23 (Cohen—Macaulayness of degeneracy schemes). Let
W < K¥ be a realization of a connected matroid M of rank tk M > 2.
Then Ay is Cohen—Macaulay (and hence pure-dimensional) and Sy
s equidimensional of codimension 3.
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Proof. By Proposition 4.16, it suffices to show that codimgr ¥y = 3.
Lemma 2.9 yields a circuit C' € Cy of size |C| = 3 and codimge Yy o =
3 by Lemma 4.22. By Lemma 4.21 and induction over a handle decom-
position as in Proposition 2.5, then also codimgre Xy = 3. O

Corollary 4.24 (Types of generic points). Let W < K% be a realiza-
tion of a connected matroid M of rank tkM = 2, and let H € Hy be a
non-disconnective handle such that tk(M\H) = 2. Then each generic
point p of Yy s of a type listed in Lemma 4.21 with respect to H.

Proof. Applying Theorem 4.23 to the matroid M\ H with realization
WA\H the claim follows from Lemma 4.21. O

Remark 4.25. In the presence of a disconnective handle H € Hy other
types of generic points of Yy, may appear such as {1, s, x4y where
wW\sz)l‘@Z)ganddeH. &

Corollary 4.26 (Generic points for 3-connected matroids). Let W <
K® be a realization of a 3-connected matroid M of rank tk M > 2 with
|E| > 3. Then all generic points of Sy lie in TE.

Proof. Let p be a generic point of Xy and pick any e € E. By Propo-
sition 2.4, H := {e} € Hw is a non-disconnective 1-handle. Moreover
tkM\H = rkM > 2 by Lemma 2.3.(¢). Then Corollary 4.24 forces p
to be of type (¢) in Lemma 4.21, that is, p ¢ V(z.). It follows that
pe\ep D) =TE. O

4.5. Reducedness of degeneracy schemes. In this subsection we
prove the reducedness statement in our main result following the strat-
egy outlined in the introduction.

Lemma 4.27 (Reducedness for the prism). Let W be any realization
of the prism matroid M (see Example 2.18). Then Ay nD(xy - - xg) is
a reduced linear variety of codimension 3, defined by 3 linear binomials
each supported in one of the handles. If chIK # 2, then also Xy N
D(xy---x6) is reduced.

Proof. By Lemma 2.19, the matrix of Qw can be chosen to be (see
Definition 3.21)

1+ X2 0 0 X1
0 T3+ 2y 0 X3

Qw =
0 0 5 + Xg T5

1 I3 Ts X1+ T3+ Ts
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Reducing its entries modulo p := {(z1 + @9, X3 + T4, 5 + x5) makes all
its 3 x 3-minors 0. Therefore Jy € My, < p. Using the minors

Qw(3,2) = (21 + x3) - (—x3x5),
Qw(4,2) = ( ) (=x3) - (x5 + w6),
Qw(4,3) = (z1 + 22) - (23 + 74) - @5,
Qw(4,4) = ( ) (
one computes that

Qw(4,4) — Qw(4,3) + Qw(4,2) — Qw(3,2) = (21 + x2) - 2475
By symmetry, it follows that zsx426 - p S My, and hence

AW N D(Z‘QI4$6) = V(p) N D($2$4$6>.

X1 + Xo

1 + X2 xr3 + $4) . (l‘5 + ZL’G),

With ¢y = det(Qw ) one computes that
(g - (2202 — 1) + 2426 - (O3 + 05) + (x4 + w6) - (1 — 2404 — 606) )Y
=2 (21 + x9) - 3.
By symmetry, it follows that 2 - x2z2x2 - p € Jy and hence
Sw 0 D(xoxgxg) = V(p) N D(xox46).
if chIK # 2. U

More details on the prism matroid can be found in Example 5.1.

Lemma 4.28 (Reduction and deleting non-(co)loops). Let e € E be a
non-(co)loop of a matroid M. Identify K[z]/(x.) = K[xp (e}] and set
T = (I + {(xe)){wey SK[z]/{we) for any I IK[z]. Then Juyn, S Jw

and Myn. = My for any realization W of M.
Proof. This follows from Proposition 3.14 and Lemma 3.26. U

Lemma 4.29 (Ry and deleting non-(co)loops). Let W < K¥ be a
realization of a matroid M, and let e € E be a non-(co)loop. Then
Ywe = & implies Xy = &. Suppose that D(x.) contains all generic
points of Xy and that Xy and Xyn. are equidimensional of the same
codimension. If Yy is Ry, then Ny 1s Ry. In this case, each p €
Min Xy defines a subset p(p) < Min Xy, such that

Vp) nV(ze) = | V()
acp(p)
and @(p) N p(p') = & for p # p'. In particular,
[Min S| < [Min Spn|.

The same statements hold for ¥ replaced by A.
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Proof. With notation from Lemma 4.28 the subscheme Xy n V(z.)
KP\e} is defined by the ideal Jy. By Lemma 4.28 and homogeneity,

Ywe =0 = Jwe =Klzpg] = Jw + () = Klz]
= Jy =Klz] = Zp =0

which is the first claim.

Any generic point of Xy, is represented by a prime p € Spec K|z]
minimal over Jy . Let q € Spec K[x] be minimal over p + (z.) and set
q:= q/{x.) € Spec K[z p\(¢}]. Since x, ¢ p Lemma 4.1 shows that

height g = height p + 1, height § = height q¢ — height (z.) = height p.

By Lemmas 4.6 and 4.28 and the dimension hypothesis, it follows that
g is minimal over both Jy and June and hence represents a generic
point of both Xy N V(z.) and Zy.

Consider now p and q as elements of Xy and denote by t € K[Xy]
the image of x.. Then q is minimal over ¢ and hence ¢ a parameter
of R := K[Ew];. By Lemma 4.4, R is a domain with unique minimal
prime p,. Thus K[Xw], = R, is reduced and p is uniquely determined
by q. With ¢(p) the set of all possible q the remaining claims follow.

The preceding arguments remain valid if 3 and J are replaced by A
and M respectively. O

Lemma 4.30 (Initial terms and contracting non-(co)loops). Let W <
K be a realization of a matroid M. Suppose E = F L G is partitioned
in such a way that M/G is obtained by successively contracting non-
(co)loops. For any ideal J < K[x],c denote by J™ the ideal generated
by the lowest xp-degree parts of the elements of J. Then JW/G[azél] c
(Jw)lzncf and Mw/G[I‘él] - (Mw);g

Proof. We iterate Proposition 3.14 and Lemma 3.26 respectively to pass
from W to W /G by successively contracting non-(co)loops e € G. This
yields a basis of W extending a basis w', ..., w® of W /G such that, for
alli,7€1,...,s,

bw =29 Ywic+p, Qw(i,j) =29 Qw/cli,j) + ¢y,

where p, ¢; ; € K[z] are polynomials with no term divisible by . Both
Yy and Qw(i,7) are homogeneous IK-linear combinations of square-
free monomials (see Definition 3.2 and Lemma 3.26). It follows that
2@ - Yw ) and z¢ . Qw/c (1, 7) are the respective lowest xp-degree parts
of Yy and Qw (i, 7). The claimed inclusions follow. O

Lemma 4.31 (R, and contracting non-(co)loops). Let W < K¥ be a
realization of a matroid M. Suppose EE = F 1 G is partitioned in such
a way that M/G is obtained by successively contracting non-(co)loops.
Then Ywq = & implies Sy N D(z%) n V(xp) = &. Suppose that
ZWmD(xG) and Xy are equidimensional of the same codimension. If
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Swa is Ro, then Sy nD(z%) is Ry along V (xr). The same statements
hold for 3 replaced by A.

Proof. Consider the ideal
I:={(zp)<K[Sw n D(z%)] =R
= K[Xwl.e = (Klzpl/Jw)ee = Klzp, 2]/ (Jw)eo
where R is equidimensional by hypothesis. With notation from Lemma 4.30
R=gr; R =gr,(Klap, ag']/(Jw)ee) = Klop, ag']/(Jw)ze.
Lemma 4.30 then yields the first claim
Swic =0 <= Jwie=Klzr] = R=0
— =R < Sy nDE%nV(izp) =J.

We may assume now that I # R, as otherwise Sy nD(2%)nV (zp) =
& makes the second claim void. By Lemma 4.5.(a) and the equidimen-
sionality hypotheses, the rings R and

Klop, ag']/(Jwicleg']) = Klzrl/Iwje)lzg'] = K[Sw/e x T

are equidimensional of the same dimension. By Lemma 4.30, the former
is a homomorphic image of the latter. It follows that

Min Spec R € Min(Zw,¢ x T).

Hence, if Xy /g is Ry then so is R. By Lemma 4.5.(b), then R is Ry
along V(I). This means that Sy n D(z%) is Ry along V (zr).

The preceding arguments remain valid if 3 and J are replaced by A
and M respectively. O

Lemma 4.32 (R, for circuits). Let W be a realization of a matroid M
on E € Cyw of rank tkM = |E| — 1 > 2. Then Ay is Ry. If chIK # 2,
then also Xy is Ry.

Proof. We proceed by induction over |E|. The case |E| = 3 is covered
by Example 4.12. Suppose now that |F| > 3.

By Lemma 4.22, each generic point of Xy is of the form p = (x., z¢, x,)
for some e, f,g € H with e # f # g # e. Pick d € E\{e, f,g}. Then
E\{d} € Cwjq and hence Yy /4 is Ry by induction. By Lemmas 4.2
and 4.31, Xy n D(z4) is then Ry along V(zp\(q). But p € D(z4) and
V(zpa) S V(p) by choice of d. This means that Xy is reduced at p
and hence Ry.

By Theorem 4.13, Ay, has the same generic points as >y,. Therefore
the preceding arguments remain valid if 3 is replaced by A. U

Lemma 4.33 (R, and contraction of non-maximal handles). Let W <
K¥ be a realization of a connected matroid M of ranktkM > 2. Assume
that |Max Hwm| = 2 and set

hi=|E| — [MaxHp| = 0.
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Suppose that Sy is Ry for every realization W' < K of every con-
nected matroid M" of rank tk M’ = 2 with |E'| < |E|.

(a) If h > 3, then Xy is Ro.
(b) If only h > 2, then Yy is reduced at all generic points p with
peV(x.) for someece E.

The same statements hold for X replaced by A.

Proof. Let p € Spec K[z] with height p = 3. Pick a subset F' < E such
that |[FFn H'| = 1 for all H € Max#y,. In this process, if z. € p
and e € H' € MaxH,y, then take ' n H' = {e}. If h > 3, then by
Lemma 4.1.(b)

(4.7) height(p+<{zp)) < 3+|F| = 3+ |Max Hu| < |E| = height (zg).

If A > 2 and x, € p, then (4.7) holds with 3 replaced by 2. Pick
q € Spec K[z] such that

(4.8) p+{rp)<cqs (xp).

Add to F all f € E with 2y € q. This does not affect (4.8). Then z, ¢ q
and hence z, ¢ p for all g € G := E\F # . In other words,

(4.9) pe DY), qeV(p)n D@ nV(zp) # &.

By the initial choice of F', we see that G n H' < H’ for each H' €
Max Hy. By Lemma 2.3.(d), successively contracting all elements of
G does not affect circuits and maximal handles, up to bijection, and
therefore preserves connectedness. In particular M/G is a connected
matroid on the set [ and obtained by successively contracting non-
(co)loops.

Since |F| > |MaxHm| = 2 connectedness implies tk(M/G) > 1.
If rk(M/G) = 1, then Xy, = & by Remark 4.11.(a). Then Xy n
D(z%) nV(zr) = & by Lemma 4.31 and hence p ¢ Sy by (4.9).

Suppose now p € Xy and hence rk(M/G) = 2. Then Xy is Ry by
hypothesis, and p € Sy n D(z%) is along V(zp) by (4.9). By Theo-
rem 4.23 and Lemma 4.2, ¥y n D(29) and Xy ¢ are equidimensional
of codimension 3. By Lemma 4.31, Xy is thus reduced at p and the
claims follow.

The preceding arguments remain valid if 3 is replaced by A. O

Theorem 4.34 (Reducedness of degeneracy schemes). Let W < K¥
be a realization of a connected matroid M of rank tk M = 2. Then Ay
is reduced and agrees with X558, If ch K # 2, then Sy is generically
reduced.

Proof. By Theorem 4.23, Ay is pure-dimensional. By Theorem 4.13,
the first claim follows if Xy is Ry.

First assume that chIK # 2. We proceed by induction over |E|. By
Lemma 4.32, Xy is Ry if £ € Cy. Otherwise, by Proposition 2.5, M
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has a handle decomposition of length & > 2. By Proposition 2.8, M
has

(4.10) (>k+1>3

(disjoint) non-disconnective handles H = Hy,..., H; € Hn. Note that
Hy,...,H, € MaxHm n Iy by Lemma 2.3.(c) and (b). In particular
rk(M\H) # 0.

Suppose first that H = {h}. Then rk(M\h) > 2 by Lemma 4.29 and
by Theorem 4.23 both Xy, and Xy, are equidimensional of codimen-
sion 3. By Corollary 4.24, we have x; ¢ p for all generic points p of
Yw. Thus Xy is Ry by Lemma 4.29 and the induction hypothesis.

Suppose now that |H;| > 2 for all ¢ = 1,..., 0. If h := |E| —
[Max Hm| > 3, then Xy is Ry by Lemma 4.33 and the induction hy-
pothesis. Otherwise with m := [Max Hy|

¢
20+ (m—0) <Y Hi| +(m—0) < |E|=h+m<3+m

i=1
and hence 20 < Y |H;| < 3 + £. Comparing with (4.10) we must
have ¢ = 3 and k = 2 and |H;| = 2 for i = 1,2,3. By Lemma 2.7,
F = H, u Hy, u Hy is then the handle partition. In particular A =
6 —3 =3>2 By Lemma 2.19, M is the prism matroid. Then Xy
is reduced at generic points of type 4.21.(b) by Lemma 4.33 and the
induction hypothesis and of type 4.21.(c) by Lemma 4.27. There are
no generic points of type 4.21.(a) since |H;| < 3 for i = 1,2,3. By
Corollary 4.24, there are no other types of generic points.

The preceding arguments are valid for arbitrary ch K if ¥ is replaced
by A. O

Corollary 4.35 (Reduced degeneracy scheme with (co)loops). Let
W < K be a realization of a matroid M. Suppose that M is connected
after deletion of all (co)loops. Then Ay is reduced.

Proof. This follows from Propositions 3.10 and 4.19, Remark 4.11 and
Theorem 4.34. U

Corollary 4.35 gives evidence for the following conjecture.

Conjecture 4.36 (Reduced degeneracy scheme). For any configura-
tion W < K, the scheme Ay is reduced.

4.6. Irreducibility of Jacobian schemes. In thissubsection we prove
the following companion result to Proposition 3.10.

Theorem 4.37 (Irreducibility of Jacobian schemes). Let W < KE be
a realization of a 3-connected matroid M of rank tky = 2. Then the
scheme Yy is irreducible and the scheme Ay is integral.

Proof. By Remark 4.11.(b), the claim holds if rk M = 2. If |E| < 4, then
M = Uy, where n € {3,4} (see | , Tab. 8.1]) and rk M = 2. We may
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thus assume that rky = 3 and |E| = 5. By Theorem 4.34, the claim on
Yw implies that on Ay,. The former follows from Lemmas 4.38, 4.42,
4.43 and Corollary 4.41 below. U

In the following we use notation from Example 2.20.

Lemma 4.38 (Reduction to wheels and whirls). It suffices to verify
Theorem /.37 for M € {W,,, W"} with n > 3.

Proof. Let M and W be as in Theorem 4.37. Since 3-connectedness
is invariant under duality also M* satisfies the hypotheses on M. By
Corollary 4.26, the generic points of both Yy and Ly lie in T?. By
Corollary 4.15, irreducibility is thus equivalent for Xy and Sy 1.

We proceed by induction on |E|. The base case |E| < 4 is covered.
Suppose that M is not a wheel or a whirl. Since rkM > 3, Tutte’s
Wheels and Whirls Theorem (see | , p. 8.8.4]) yields an e € E
such that M\e or M/e is again 3-connected. We may assume the latter
case (see (2.6)). The scheme Xy /. is then irreducible by induction
hypothesis. By Lemma 4.29, then also Xy is irreducible. U

Lemma 4.39 (Realizations of wheels and whirls). Let W be a realiza-
tion of M € {W,,, W"}. Up to scaling E =S 1 R, W has a basis

(411) w'=s +ri—t-r, W o=s+ri—Tii, i=2,...,n,

where t = 1 if M = W,, and t € IK\{0,1} if M = W". In particular
wheels are not binary. For M = W,, the cyclic group Z, acts on Xy,
Yw and Ay by “turning the wheel”.

Proof. Since S € By we may assume that the coefficients of s; in w’
form a unit matrix, that is, wi, = d;;. The triangle {s;,7;, s;+1} then
forces wl ,wif' # 0 and w; = 0 for ¢ # j,j + 1. Suitably scal-
ing ry, w? ro, w, .. T 1, W, 81, . .., 8y successively yields (4.11). The
claim on t follows from R € Cy, and R € By~ respectively.

For M = W,,, Z, acts on W, hence on ¥y, hence on X and Jy,

hence on Xy, and finally on Ay by Theorem 4.34. U

Proposition 4.40 (Uniqueness of schemes for wheels and whirls). Let
W be a realization of M € {W,,, W"}. In terms of suitable coordinates
2y 2 Yty Un of KE = KO9E = det A and My, = I,,_1(A)
where

4 oy 0 e 0y,
v oz ys 0 e o0
0 vy 23 ¥y o - 0

A= s
0 - 0 Yn—-3 2Zn—2 Yn—2 0
0 R . 0 Yn—2 Zn-1 Yn—1
Yo O e 0 Ynt oz

In particular Xy, Xw and Ay depend only on n up to isomorphism.
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Proof. We may assume that W be the realization from Lemma 4.39.
Denote the variables corresponding to rq, ..., 7, and sy, ..., 8, by 21,..., 2},

and y1, ...,y respectively. Consider the linear automorphism of K¥ =
KS“E defined by

=ty g, z= 2 g+ Y,

for e = 2,...,n. Then Qy is represented by the matrix
21 —U1 0 0 _tyn
_yl 2’2 _y2 0 oo DY 0
0 -y =z —ys 0 e 0
0 T 0 —Yn—3 Zn—2 —Yn—2 0
O e e O _yn72 anl _ynil
—t- yn 0 . e 0 _ynil Zn
Suitable scaling of y1,...,, turns this matrix into A,,. O

Corollary 4.41 (Small wheels and whirls). Theorem 4.37 holds for
M= W;3 and M =W" for n < 4.

Proof. By Proposition 4.40, we may assume that My, = I 41(A,) where
k = n — 2. Further we are free to extend the field K. Consider the
morphism of algebraic varieties of matrices

YV i=K"" > {AeK"" | A=A" tkA<k}=Z, B+~ BB

Let y;; and 2;; be the coordinates on Y and Z respectively. Then
Aw = V(I,-1(Ay)) identifies with V' (z13,204) € Z for n = 4 and
with Z itself for n < 3. Both the preimage Y of Z and for n = 4 the
preimage
V(y1191,3 + ¥1.2Y2,3, Y2.1Y1.4 + Y2,2Y2.4)

of V(z13,294) are irreducible. It thus suffices to show that Y surjects
onto Z, which holds for all £ < n.

Let Ae Zand I < {1,...,n}. Assume that rk A = |I| = k with rows
1 € I of A linearly independent. Apply row operations C' to make the
rows i ¢ I of C'A zero. Then C'AC" is non-zero only in rows and columns
i € I. Modifying C' to include further row operations turns C AC"* into
a diagonal matrix. Extending K by square roots if necessary, we can
write CAC! = D? where D has exactly k non-zero diagonal entries.
Then A = BB? where B := C~'D considered as an element of Y by
dropping zero columns. U

Lemma 4.42 (Operations on wheels and whirls). Let M € {W,,, W"}.
(a) The bijection (see (2.5))
SUR=E——E"=RuS, sior, ros,

identifies M = M+,
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(b) Unless n is minimal, the handle partition of M\s; consists of non-
disconnective handles: the 2-handle {r;_1,r;} and singletons.
(c) Unless n is minimal, W,\8, /1, = W,,_1 and W™\s,,/r, = WL,

Proof.

(a) The self-duality claim is obvious (see | , Prop. 8.4.4]).

(b) This follows from the description of connectedness in terms of
circuits (see (2.2) and Example 2.20).

(c) The operation M +— M\s,,/r,, deletes the triangle {s,_1,7n_1, Sn}
and maps the triangle {s,,7r,,s1} to {sp_1,7n_1,51} (see (2.2) and
(2.4)). By duality, it acts on triads in the same way (see (a) and
(2.6)). The claim then follows from the characterization of wheels and
whirl by triangles and triads (see | , (6.1)]). O

Lemma 4.43 (Induction on wheels and whirls). Theorem 4.37 for
M = W, and M = W" follows from the cases n = 3 and n < 4
respectively.

Proof. Write M,, for W,, and W" respectively. Let W' be any realization
of M/r,,. Then W'\s,, is a realization of M/r,\s, = M\s,,/r, = M,,_; by
Lemma 4.42.(c). By induction hypothesis and Corollary 4.26, Xy,
is irreducible with generic point in TF\s»7+} By Lemma 4.29, Sy is
then irreducible with generic point in TF\r»},

By Lemma 4.42.(b) and Corollary 4.24, ¥y, at most one generic
point q’' € V(y,_1,yn) while all the other generic points lie in T#\tsn},
By Corollary 4.15, the latter identify with generic points of ¥y, )1 in
TEMr=} Then W' := (W\s,)" is a realization of (M\s,)* = M*/s, =
M/r, (see (2.6) and Lemma 4.42.(a)). By the above, Xy is irreducible
with generic point in TZ\m}  Thus, Ywns, has exactly one generic
point q in T#\sn},

By Lemma 4.29 and Corollary 4.26, Xy has then at most two generic
points, both in T¥. Assume that there are exactly two such generic
points p and p’. Again by Lemma 4.29 we may assume that /p = q
and v/p’ = q' where I = (I + {(z,))/{x,).

First suppose M = W,, with n > 4. By Lemma 4.39, the cyclic group
Z, acts on {p,p’} by “turning the wheel”. If it acts identically, then

P+ () 2y, for alli = 1,...,n and hence

NP Ly, xy) = T YL Yn)-

Then height(p’ + (z1, ..., x,)) = 2n which implies height p’ > n > 3 by
Lemma 4.1.(b), contradicting Theorem 4.23. Otherwise the generator
of Z,, switches the assignment p — q and p — ¢’ and n = 2m must be

even. Then +/p + (xg;) 2 (Yai—1,y2;) for all i = 1,...,m and hence

\/p + Loy Xy, Ty oy Ty 2T, gy Ty o s Ty Yy - -+ s Y-

This leads to a contradiction as before.
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Now suppose M = W" with n > 5. For ¢ = 1,...,n denote by g;
and q; the generic points of Xy,. By the pigeonhole principle, one
of p and p’, say p, is assigned to q; for 3 spokes s;. In particular p is
assigned to q; and qj for two non-adjacent spokes s; and s;. Then

p + <l‘i,l'j> =2 <:Bi>$j7yi—1a Yi, Yj—1, yj>

This leads to the contradiction as before.
It follows that Xy is irreducible as claimed. O

Theorem 4.37 proves the “only if” part of the following conjecture.

Conjecture 4.44 (Irreducible Jacobian scheme and 3-connectedness).
Let M be a matroid of rank tkM > 2 on E. Then M is 3-connected if
and only if, for some/any realization W < K¥ of M, both schemes Yy
and X1 are irreducible.

5. EXAMPLES

In this section we illustrate our results with examples of prism, whirl
and uniform matroids.

Ezample 5.1 (Prism matroid). Consider the prism matroid M (see Def-
inition 2.18) with its unique realization W (see Lemma 2.19). Then

Yy = r129(x3+14)(T5+26) 2324 (1 +20) (T5+26) + 2576 (T1+22) (T3+24)
by Example 3.8. By Lemma 4.27, Ay, has the unique generic point
(X1 + 9, T3 + X4, T5 + Tg)

in T®. By Corollary 4.24, there can be at most 3 more generic points
symmetric to

<$1, T2, ¢W\{1,2}> = (X1, T2, X34 T5 + T3T4T6 + T3T5T6 + T4T5T6)-

Over K = Iy their presence is confirmed by a Singular (see | )
computation. It reveals a total of 7 embedded points in Xy,. There are
3 symmetric to each of

(w3, x4,25,26) and {(x1,T2,T3 + Ty, T5 + Tg)

plus {z1,...,x6). However Xy is not reduced at any generic point.
Since the above associated primes are geometrically prime, the conclu-
sions remain valid over any field K with ch K = 2.

A Singular calculation over Q) shows that Xy, has exactly the above
associated points for any field K with ch K = 0 or ch K » 0. We believe
that this holds in fact for ch K # 2.
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To verify at least the presence of the these associated points in Xy,
for ch K # 2, we claim that

(w1, w0, Vunqi2y) = Jw: 2((ws + xa) 2l — (23 + 24)33),
(w3, 24,05, 76) = Jw: 2(x1 + 32) 2475,
(1, T, Ty + Ty, Ts + Tgy = Jy: 2o(w3 + 24) T2,
(@1, w6) = Jw: 2(z1 + 22) (23 + T4)T6.

The colon ideals on the right hand side can be read off from a suit-
able Grobner basis (see [ , Lems. 1.8.3, 1.8.10 and 1.8.12]). Using
Singular we compute such a Grobner basis over Z which confirms our
claim. There are no odd prime numbers dividing its leading coeffi-

cients. It is therefore a Grobner basis over any field K with ch K # 2
and the argument remains valid. o

Example 5.2 (Whirl matroid). Consider the whirl matroid W? (see Ex-
ample 2.20). Tt is realized by 6 points in P? with the collinearities
shown in Figure 3. Since M contracts to the uniform matroid Uy 4, M

FIGURE 3. Points in P? defining the whirl matroid W3,

3
5 6
1 4 2
is not regular (see | , Thm. 6.6.6]). The configuration polynomial
reflects this fact. Using the realization from Lemma 4.39 with ¢t = —1,

we find

"‘?W = T1T2x3 + T1T3T4 + T2X3T4 + T1X2X5 + To2X3T5 + T1T4T5
+ XoXyT5 + T3Xyx5 + T1X2Tg + T1X3XLg + L1X4Te + ToT4Tg

+ T3T4Tg + T1X5T¢ + ToksLe + T3T5Te + 4T4T526.

Replacing in vy, the coefficient 4 of z4x5x6 by a 1 yields the matroid
polynomial ¢y (see Remark 3.6).

By Theorem 4.23, the configuration hypersurface Xy, defined by ¥y,
has 3-codimensional non-smooth locus. Using Singular (see | )
we find a Grobner basis over Z of the ideal of partials of ¥py. The
only prime numbers dividing leading coefficients are 2, 3 and 5. For
chIK # 2,3,5 it is therefore a Grobner basis over K. From its leading
exponents one computes that the non-smooth locus of the hypersurface
defined by u has codimension 4 (see | , Cor. 5.3.14]). By further
Singular calculations, this codimension is 4 for ch K = 2,5 and 3 for
chK = 3. o
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Ezample 5.3 (Uniform rank-3 matroid). Suppose that chK # 2,3.
3

Then the configuration W = (w', w? w?*) = K?* defined by
| 10012 3
0012 6 12
realizes the uniform matroid Usg (see Example 2.16). The entries

of Qw with indices (i,j) where i < j are linearly dependent (see
Remark 3.22). By Lemma 3.24, ¢y, thus depends on fewer than 6
variables. More precisely, a Singular calculation shows that Yy has
Betti numbers (1,5, 10,10, 5, 1), is not reduced and hence not Cohen—
Macaulay.

Now, take W' to be a generic realization of Usg. Then the en-
tries of Qw~ with indices (7,j) where ¢ < j are linearly independent
(see | , Prop. 6.4]), ¥y~ is reduced Cohen-Macaulay with Betti
numbers (1,6, 8,3). So basic geometric properties of the configuration
hypersurface Xy, are not determined by the matroid M, but depend
on the realization W. o

Ezample 5.4 (Uniform rank-2 matroid). Suppose that chIK # 2 and
consider the uniform matroid Us, for n > 3 (see Example 2.1). A
realization W of Uy, is spanned by two vectors w', w? € K" for which
(see Example 2.16)

w}p w! ?
CVV,{Z',j} = det ('UJ? wjg 7+ O,
for 1 <4< j <n. Then

Yy = Z CwW i} * Ti* Ly,
1<i<j<n
and the ideal Jy is generated by n linear forms. These forms may be
written as the rows of the Hessian matrix

Hy = Hy,, = (cwig))ig,
where by convention cyy,(; ;3 = 0. Since uniform matroids are connected,
Theorem 4.23 implies that Hy, has rank exactly 3.

For n > 4, this amounts to a classical-looking linear algebra fact:
suppose that A = (a7;);; € K™ is a matrix with squared entries.
Then its 4 x 4 minors are zero provided that the numbers a;; satisfy
the Pliicker relations defining the Grassmannian Grs,. An elementary
direct proof was shown to us by Darij Grinberg (see | ). o
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