
Cutting, embedding, bouncing characteristic
classes

Pavle Blagojević

Free University, Berlin, Germany

Mathematical Institute SASA, Belgrade, Serbia

based on joint work with Imre Bárány, Frederick Cohen, Wolfgang
Lück, Roman Karasev, András Szűch and Günter M. Ziegler

supported by Anthony Bahri, Martin Bendersky, Peter Landweber,
and John McCleary



Cutting

Conjecture (Nandakumar & Ramana Rao 2006)

Every convex polygon P in the plane can be partitioned into
any prescribed number k of convex pieces that have equal
area and equal perimeter.
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Embedding

Definition
A continuous map f : X → RN (CN) is k -regular if for every
pairwise distinct points x1, . . . , xk the vectors

f (x1), . . . , f (xk) are linearly independent.

Example
(1) f : R→ Rk , f (t) = (1, t, . . . , tk−1) is a k-regular map.

(2) f : C→ R× Ck−1, f (z) = (1, z , . . . , zk−1) is k-regular.
(3) f : C→ Ck , f (z) = (1, z , . . . , zk−1) is complex k-regular.

Conjecture (Cohen & Handel 1978, Chisholm 1979)

If Rd → RN is k-regular, then N ≥ d(k − α2(k)) + α2(k).
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Further embeddings
Definition
Affine subspaces L1, . . . , L` of RN are affinely independent if

dim aff(L1 ∪ · · · ∪ L`) = (dim L1 + 1) + · · ·+ (dim L` + 1)− 1.

Definition
A smooth map f : M → RN is `-skew if pairwise distinct
points y1, . . . , y` on M the affine subspaces

(ι ◦ dfy1)(Ty1M), . . . , (ι ◦ dfy`)(Ty`M)

are affinely independent.
Here df : TM → TRN and ι : TRN → RN , (x , v) 7→ x + v .

Conjecture
If Rd → RN is `-skew, then

N ≥ 2γ(d)(`− α2(`)) + (d + 1)α2(`)

where γ(d) = blog2 dc+ 1.
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Bouncing

A billiard trajectory of length k in a smooth strictly convex body
T d ⊂ Rd is a sequence (x0, . . . , xk) of points on ∂T d such that for
every 0< i < k + 1 the interior normal to ∂T d at the point xi
bisects the angle ∠xi−1xixi+1.

If x0 = xk then the billiard trajectory (x0, . . . , xk) is called periodic
billiard trajectory of period n if the normal to ∂T d at the point x0
bisects the angle ∠xk−1x0x1.

Problem
Let and T d ⊂ Rd be a smooth strictly convex body. Estimate the
number of periodic billiard trajectories N(T d , k) of the period k on
the body T d modulo the action of dihedral group D2k .
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The vector bundle

◦ Rk is a Sk-representation, where Sk permutes coordinates
◦ Wk := {(x1, . . . , xk) ∈ Rk :

∑k
i=1 xi = 0} a subrepresentation

◦ Tk := {(x1, . . . , xk) ∈ Rk : x1 = · · · = xk} a subrepresentation

Rk ∼= Wk ⊕ Tk

Rk // F (X , k)× Rk

��

F (X , k)
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The vector bundle

ξX ,k : Rk // F (X , k)×Sk
Rk // F (X , k)/Sk

ζX ,k : Wk
// F (X , k)×Sk

Wk
// F (X , k)/Sk

τX ,k : Tk
// F (X , k)/Sk × Tk

// F (X , k)/Sk

ξX ,k ∼= ζX ,k ⊕ τX ,k

w(ξX ,k) = w(ζX ,k) · w(τX ,k) = w(ζX ,k)

c(ξX ,k ⊗ C) = c(ζX ,k ⊗ C) · c(τX ,k ⊗ C) = c(ζX ,k ⊗ C)
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The vector bundle

ξX ,k : Rk // F (X , k)×Sk
Rk // F (X , k)/Sk

• ξRd ,2 is stably isomorphic to the canonical bundle over RPd−1

• F. Cohen, R. Cohen, Kuhn, Neisendorfer:

Bundles over configuration spaces,

Pacific J. of Math., 1983

Stable order of ξRd ,k = minimal m such that mξRd ,k stabely trivial

Stable order of ξRd ,k = 2ρ(d−1)∏
3≤p≤k p

b d−1
2 c for d 6= 0 mod 4



Connection

cutting e(ζ⊕d−1
Rd ,k

,Z⊗d−1) H∗(F (Rd , k)/Sk ;Z⊗d−1)

k-regular w̄(d−1)(k−α2(k))(ξRd ,k) H∗(F (Rd , k)/Sk ;F2)

`-skew w̄(2γ(d)−d−1)(`−α2(`))(ξ
⊕d+1
Rd ,`

) H∗(F (Rd , k)/Sk ;F2)

comp. k-regular c̄(d−1)(k−αp(k))(ξCd ,k ⊗ C) H∗(F (Rd , k)/Sk ;Fp)

bouncing e(ζ⊕d−1
Rd ,p

,Z⊗d−1) H∗(F (Rd , p)/Sp;Z⊗d−1)



Cutting polygons and the twisted Euler class of ζ⊕d−1Rd ,k
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Cutting polygons and the twisted Euler class of ζ⊕d−1Rd ,k
Voronoi diagrams V(x1, . . . , xk) = (C1, . . . ,Ck)

Ci := {x ∈ Rd : ‖x − xi‖ ≤ ‖x − xj‖ for 1 ≤ j ≤ k}
= {x ∈ Rd : ‖x − xi‖2 − ‖x‖2 ≤ ‖x − xj‖2 − ‖x‖2 for 1 ≤ j ≤ k}.

Generalized Voronoi diagrams
P(x1, . . . , xk ;w1, . . . ,wk) = (P1, . . . ,Pk) where w1, . . . ,wn ∈ R and

Pi := {x ∈ Rd : ‖x − xi‖2 − wi ≤ ‖x − xj‖2 − wj for 1 ≤ j ≤ k}.

Theorem (Kantorovich 1939, etc.)

Let µd be an absolutely continuous probability measure on Rd and
k ≥ 2. Then for any x1, . . . , xk ∈ Rd with xi 6= xj for all 1 ≤ i < j ≤ h
there are weights w1, . . . ,wh ∈ R, w1 + · · ·+ wk = 0, such that the
generalized Voronoi diagram P(x1, . . . , xk ;w1, . . . ,wk) equiparts the
measure µd . Moreover, the weights w1, . . . ,wk

◦ are unique,
◦ depend continuously on x1, . . . , xk .



Cutting polygons and the twisted Euler class of ζ⊕d−1Rd ,k

K a convex body in the plane R2

a = p(K ∩ P1) + · · ·+ p(K ∩ Pk)

(x1, . . . , xk) // (P1, . . . ,Pk) //
(
p(K ∩ P1)− a

k , . . . , p(K ∩ Pk)− a
k

)
F (R2, k)

Sk

// Wk

Theorem

(1) If there is no Sk-map F (R2, k) −→Sk
S(Wk), then the k

Nandakumar & Ramana Rao conjecture has a solution.

(2) If ζRd ,k does not have a nowhere nonzero cross-section,
then there is no Sk-map F (R2, k) −→Sk

S(Wk).

(3) If the twisted Euler class of ζRd ,k does not vanish, then
ζRd ,k does not have a nowhere nonzero cross-section.



Cutting polygons and the twisted Euler class of ζ⊕d−1Rd ,k

Theorem (B., Ziegler, 2014)

e(ζ⊕d−1
Rd ,k

,Z⊗d−1) 6= 0 if and only if k is a prime power.



k-regular maps and the dual Stiefel–Whitney class w̄(d−1)(k−α2(k))(ξRd ,k)

• f : Rd −→ RN a k-regular (f : Cd −→ CN complex k-regular)

• (x1, . . . , xk) 7−→ (f (x1), . . . , f (xk))

F (Rd , k) −→Sk
Vk(RN) F (Cd , k) −→Sk

V C
k (CN)

• Lemma [Cohen & Handel, 1978]
F (Rd , k) −→Sk

Vk(RN) exists ⇐⇒ ξRd ,k has (N − k)-inv.

• Lemma
w̄(d−1)(k−α2(k))(ξRd ,k) 6= 0 =⇒

no k-regular map Rd −→ Rd(k−α2(k))+α2(k)−1
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k-regular maps and the dual Stiefel–Whitney class w̄(d−1)(k−α2(k))(ξRd ,k)

Theorem (B., Lück, Ziegler 2013)

If d ≥ 2, then w̄(d−1)(k−α2(k))(ξRd ,k) 6= 0.

• d = 2: Cohen & Handel 1978,

• d = 2m: Chisholm 1979



Billiards and e(ζ⊕d−1Rd ,k
,Z⊗d−1) for k an odd prime

Problem
Let d , k ≥ 2 and T d ⊂ Rd be a smooth strictly convex body.
Estimate the number of periodic billiard trajectories N(T d , k) of the
period k on the body T d modulo the action of dihedral group D2k .

• k is an odd prime

• G (Sd−1, k) = {(x1, . . . , xk) ∈ (Sd−1)k : xi 6= xi+1}

• L : G (Sd−1, k) −→ R, (x1, . . . , xk) 7−→ −
∑
|xi − xi+1|

• Lemma
(x1, . . . , xk) periodic traj. ⇐⇒ (x1, . . . , xk) critical pt. of L

• N(T d , k) ≥ cat
(
G (Sd−1, k)/D2k

)
• N(T d , k) ≥ cat

(
G (Sd−1, k)/D2k

)
≥ cat

(
G (Sd−1, k)/Z/k

)
≥ max{wgt(a) : a ∈ H∗(G (Sd−1, k)/Z/k;Fk)



Billiards and e(ζ⊕d−1Rd ,k
,Z⊗d−1) for k an odd prime

F (Rd−1, k)/Z/k // G (Sd−1, k)/Z/k // BZ/k

H∗(F (Rd−1, k)/Z/k) H∗(G (Sd−1, k)/Z/k)oo H∗(BZ/k)oo

0 6= a∗ aoo



Billiards and e(ζ⊕d−1Rd ,k
,Z⊗d−1) for k an odd prime

F (Rd−1, k)/Z/k // G (Sd−1, k)/Z/k // BZ/k

H∗(F (Rd−1, k)/Z/k) H∗(G (Sd−1, k)/Z/k)oo H∗(BZ/k)oo

0 6= a∗ aoo

a∗ = (reduction of coefficients)◦(resSk

Z/k) (e(ζ⊕d−1
Rd ,k

,Z⊗d−1))



Billiards and e(ζ⊕d−1Rd ,k
,Z⊗d−1) for k an odd prime

Base on the work of Farber and Farber & Tabachnikov:

Theorem (Karasev, 2009)

Let d ≥ 3 and k > 2 be a prime. Then

N(T d , k) ≥ (d − 2)(k − 1) + 2



How do we actually compute these classes?

“Proofs should be communicated only by consenting adults in private.”
— Victor Klee (U. Washington)
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A glimpse into the proof of e(ζ⊕d−1Rd ,k
,Z⊗d−1) 6= 0

F (Rd , k)
Sk

// S(W⊕d−1
k )

C(k , d)

Sk

OO

Sk

55



A glimpse into the proof of e(ζ⊕d−1Rd ,k
,Z⊗d−1) 6= 0

F (Rd , k)
Sk

// S(W⊕d−1
k )

if and only if

gcd
{(k

1

)
,

(
k

2

)
, . . . ,

(
k

k − 1

)}
= 1

Theorem (Ram 1909)

For all n ∈ N we have

gcd
{(k

1

)
,

(
k

2

)
, . . . ,

(
k

k − 1

)}
=

{
p if k is a prime power p`,

1 otherwise.
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A glimpse into the proof of w̄(d−1)(k−α2(k))(ξRd ,k) 6= 0

w (d−1)(k−1)

=
∑

j1,...,jk−1≥0
j1+2j2+···+(k−1)jk−1=(d−1)(k−1)

(
j1 + · · ·+ jk−1

j1, j2, . . . , jk−1

)
w j1

1 · · ·w
jk−1
k−1

= wd−1
k−1 +

∑
j1,...,jk−2≥0; d−2≥jk−1≥0

j1+2j2+···+(k−1)jk−1=(d−1)(k−1)

(
j1 + · · ·+ jk−1

j1, j2, . . . , jk−1

)
w j1

1 · · ·w
jk−1
k−1 ,

(
j1 + · · ·+ jk−1

j1, i2, . . . , jk−1

)
= (j1+···+jk−1)!

(j1)!···(jk−1)!

• Cohen & Handel, 1978, d = 2: w (d−1)(k−1) = wk−1 = wk−1 6= 0,

• Chisholm, 1979, d = 2m : w(d−1)(k−1) 6= 0 and

(
j1+···+jk−1

)
!

(j1)!···
(
jk−1

)
!

= 0, when all j∗ are even

• B., Lück, Ziegler, 2013, d ≥ 1: w(d−1)(k−1) 6= 0 and w
j1
1 · · ·w

jk−1
k−1 = 0.
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A glimpse into the proof of c̄(d−1)(k−αp(k))(ξCd ,k) 6= 0

p an odd prime

d = pt for t ≥ 1

c̄(d−1)(k−αp(k))(ξCd ,k) ∈ H∗(F (Cd , k)/Sk ;Fp)

Theorem (B., F. Cohen, Lück, Ziegler, 2015)

Let d ≥ 2 and k ≥ 2 be integers, and let p be an odd prime.
Then

height (H∗(F (Rd , k)/Sk ;Fp)) ≤ min{pt : 2pt ≥ d}.
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T h e o r e m  3. Theorems 1, 2 remain valid if we replace the numbers I ( M ,  k) in their statements by 
D ( M ,  k ) + l .  

P r o o f  o f  T h e o r e m  1. The upper est imate I ( R  2 , k) _< 2 k -  1 is provided by the functions 1, Re (z t ) ,  
I m ( z t ) ,  t = 1, . . .  , k -  1, where z is the complex coordinate on R 2 . 

Now, for an arbi t rary topological space M ,  consider the configuration space B ( M ,  k), i:e., the  space 
of all subsets of cardinality k in M with the obvious topology. Consider the  k-dimensional vector bundle 
T ( M ,  k) over B ( M ,  k) whose fiber over the point {x l ,  . . . ,  Zk} is the  space of real-valued functions on 
the set {Xl, . . .  , xk} • For any N-dimensional  space L of functions on M ,  consider also the trivial N- 
dimensional vector bundle {L} - L × B ( M ,  k) over B ( M ,  k). There exists a na tura l  homomorphlsm 
Restr:  {L} --+ T ( M , k ) :  over any point { x l , . . . , X k }  e B ( M , k ) ,  to any function F e L there 
corresponds its restriction to the set {Xl, . . .  , Xk} • Obviously, the  space L is k-interpolating iff this 
morphism is epimorphic, and hence the ( N -  k)-dimensional vector bundle Ker Restr  is well-defined. This 
implies 

T h e o r e m  4. For any M and k,  I ( M  , k ) - k  >_ d e g w - l ( T ( M  , k)), where w(E) is the totaI StiefeI- 
Whitney class of the vector bundle E (see [1]), w - l ( E )  is its inverse in the multiplicative group of the 
ring H*(B(M,  k), Z2),  and deg is the grading of the highest nonzero homogeneous part of an element 
of a graded ring. 

For example, put M = R 2 . The rings H * ( B ( R  e , k) ,  Z2) ,  as well as the St iefel-Whitney classes of 
the bundles T ( N  2 , k ) ,  were calculated in [2]. In particular,  it follows from [2] that  d e g w ( T ( R  2 , k)) = 
k - d(k). In [2] it was also proved tha t  h 2 = 0 for any element h of positive dimension in the ring 
H*(B(N 2 , k) ,  Z2) .  Hence, w - l ( E )  = w(E) for any bundle E over B ( N  2 , k ) ,  and d e g w - l ( T ( N  2 , k)) = 
/~ - d(/c). This proves the lower est imate in Theorem 1. 

The estimate I ( S  1 , k) >__ k + 1 for even k is proved similarly. 
Theorem 2 immediately  follows from Thorn's multijet transversali ty theorem; see [3]. Indeed, let 

F ( M ,  k) be the space of ordered subsets of cardinality k in M .  Then  the set of real-valued func- 
tions f l ,  . . .  , f g  on M defines a map of F ( M ,  k) into the space of k x N-matr ices.  The set of 
matrices of nonmaximal  rank has codimension N - k + 1 in this space, so, if N - k + 1 > k dim M ,  then 
the image of F ( M ,  lc) under  the map defined by a generic set { f l ,  . . . ,  f g }  does not intersect this set. 

R e m a r k .  The est imate of Theorem 2 is not realistic even in the case k = 2: the  strong Whitney 
imbedding theorem implies that  I ( M  n , 2) _< 2n + 1. 

C o n j e c t u r e  2. If n is a power of 2, then the nth power of any element of positive dimension in 
H*(B(R",  k), Z2) equals zero. In particular, [ w ( r ( R  ~ , k))] ~ = 1. 

Conjecture 1 follows (in the same way as Theorem 1) from the lat ter  conjecture and from the fact that  
if k is a power of 2, then the class [Wk-l(T(R", k))] n-1 is nontrivial. 
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Vassiliev conjecture

Theorem (B., F. Cohen, Lück, Ziegler, 2015)

Let d ≥ 2 and k ≥ 2 be integers. Then

height (H∗(F (Rd , k)/Sk ;F2)) ≤ min{2t : 2t ≥ d}.
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